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Abstract

Photonic switching devices are the most basic and essential unit for implementing

optical memory and processor, which provide tunable optical responses according to

external modulations in analogy with electronic transistors operated by the modulation

of gate voltage. When designing such elements, both the spatial and temporal com-

plexities are involved in the operation of photonic switching. For example, one should

consider spatial characteristics of light, such as spin and orbital angular momenta and

wave vector, as well as time-domain ones such as operating frequency, bandwidth, and

the conservation of energy, in terms of the corresponding material and structural prop-

erties. In this point of view, the inherent large amount of degrees of freedom arising

from the functional multiplicity in photonic active switching devices should be fully

considered, while access to them is often blocked by the physical symmetries residing

in the structure of devices. Despite the tradeoff between the number of degrees of

freedom and the difficulties in terms of theoretical and computational cost, therefore,

the necessity of symmetry breaking has been on the rise in recent studies, resolving the

complexity with efficient theoretical and data-driven treatments.

Here, I introduce several related topics on numerical, theoretical, and data-driven

methods in omnibus format for resolving spatiotemporal complexities in photonic

switching or active devices, in terms of C4v-symmetry in photonic crystals and spa-

tiotemporal translational symmetries in photonic disorders. These approaches will pave

the way to the photonic design with extremely high complexities and be toolkits for

optical computers.

keywords: Photonics, Switching devices, Disorder, Symmetry, Inverse design, Deep

learning
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Chapter 1

Introduction

1.1 Motivation

While light itself is one of the most important objects in physical science, both as an

electromagnetic wave and an elementary particle, its new role as an information and

energy carrier has drawn a lot of attention with the emergence of optical computing

in the fields of optical engineering and photonics [10, 11]. Compared to conventional

modern computers that utilize electrons as counterpart carriers, photons are bosonic

particles, which in principle do not interact with each other. Also well-known with

light speed c, these fundamental characteristics give rise to great advantages of optical

computing over electronic computing, in terms of low power consumption due to the

zero crosstalk and ultrafast computing speed.

Similar to transistors being the basic element of computers, which is an electronic

on/off switch operated by the modulation of gate voltage, optical computing also re-

quires such basic elements that provide different optical responses according to the

external modulations. In this regard, the design of efficient optical switching devices

in terms of energy and functionality holds great importance, which will significantly

determine the overall performance of the optical computer. However, those require-

ments for high functionalities and active tunability, at the same time, become a huge
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obstacle in the design process. That is, the functionality is usually in relation to the

spatial distribution of optical energy flows or distributions, such as focusing, scattering,

and mode coupling, while the active tunability is described by time-varying energy ex-

change between a system and its environment. Considering the vast amount of degree

of freedom in multiple axes is the main problem in designing optical structures, espe-

cially active and high-functionality devices. As shown in Fig. 1.1, the design problem

concerning photonic active switching devices is one of the fast-growing topics to-

wards the implementation of ideal optical computers in recent physics and engineering

communities.

The main approach to resolving such multi-degree-of-freedom issues is to exploit

symmetry breaking: such as spatial parity, mirror, and translational symmetries; and

time reversal and translational symmetries. Symmetry makes the world easy and simple,

and is also connected to fundamental conservation laws of related physical quantities;

when it comes to engineering or design, however, symmetries often become a constraint
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that reduces the possible output of a system.

As a very rough example, an all-optical memory device can be implemented on

the platform of nonlinear coupled resonators [12] with a certain symmetry breaking.

Utilizing its oscillation quenching states as memory on/off states, it is essential to secure

two quite conflicting standards: being robust against error and sensitive to modulation

signal simultaneously. In this case, a serial coupling of three resonators with saturable

gain, neutral, and absorption, in which both the parity (P) and the time-reversal (T )

symmetries are broken, becomes the origin of topological properties: PT -broken and

-unbroken phases, enabling the topological protection against error, but allowing for

state transition by incoherent (i.e., global phase-independent) modulation signals at the

same time.

As P. W. Anderson, known for the prediction of wave localization in disordered

media [13] (i.e. broken translational symmetry), wrote in his essay [14], it is noted

that "more is different." In this Dissertation, I deal with several topics regarding the

common goal of designing photonic switching or functional devices, in terms of those

symmetry breakings.

1.2 Outline of the Dissertation

In this Dissertation, I introduce several topics related to the inverse design of photonic

devices, especially in terms of tunability, activeness, and multiple axes, based on the

proper breaking of corresponding physical symmetries.

In Chapter 3, at first, I introduce the inverse design method of asymmetric photonic

band structures: the three different types of tilted Dirac cones [15]. While the unique

conical shape of optical dispersion relations in certain photonic crystal structures

becomes the origin of impedance-matched zero-index materials with the application

to optical cloaking and metalens devices, they have been in general developed upon

the conservation of mirror and rotational symmetries, only providing isotropic optical
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behaviors. In this chapter, I suggest and demonstrate a new inverse design method of

all types of I, II, and III photonic tilted Dirac cones, according to the criterion with

group velocity, with C4v-symmetry-breaking perturbation. Furthermore, I also study

the way of opening the gap in such tilted Dirac cones with associated mirror symmetry

breaking, which will pave the way for on/off switching within anisotropic light flows.

In Chapter 4, I introduce a data-driven inverse design method of active multilayer

films [16]. As machine-learning approaches have been widely adopted in many engi-

neering problems, the application of deep learning to photonic design also has enabled

the precise mapping between photonic structures and their corresponding optical re-

sponses, which plays a role in both ways: numerical simulator (forward, structures to

responses) and generator (backward, responses to structures). In this study, I investi-

gate the relationship between active multilayer-film structures including thermal phase

change material and their tunable optical responses, in terms of on/off switching prop-

erty, material randomness (i.e., the spatial disorder with broken discrete translational

symmetry), and optical average transmittance. I also demonstrate the generation of the

family of disordered structures with identical optical responses in view of the engi-

neered disorder, as well as the straightforward design of photonic functional devices:

angle-switching and broadband switching devices.

In Chapter 5, I study photonic time disorders with broken time-translational sym-

metry [17]. While the governing equation describing the temporal electromagnetic

scattering is in the same form as that of one-dimensional spatial scattering, both ex-

pressed by Helmholtz equation, their Green’s functions are different: outgoing and

causal form for 1D spatial and temporal domains, respectively. Considering such facts,

I reformulate the temporal scattering with the newly defined temporal structure factor

S(ω) in the frequency domain, which enables the target separate control of tempo-

ral scatterings in both forward and backward directions. I also demonstrate spectral

shaping through the order-to-disorder transition, showing the advantage of utilizing

the temporal disorder, with practical application: spatial pattern-free color filters with

4



temporal modulation.

Before and after the series of three different topics regarding symmetry breaking

for the design of photonic switching devices, I provide detailed theoretical overview

(Chapter 2); and supporting information (Appendices A-C) for each topic as well as

numerical methods (D).
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Chapter 2

Theoretical Background

In this chapter, theoretical backgrounds for the main part of the dissertation are revis-

ited. Starting from the quantum mechanical description of crystals, the mathematical

description of photonic crystals is covered with an approximation method for band

structures near the Γ-point, as well as the application to photonic zero-index materi-

als. Next, a brief introduction to photonic disorders on the opposite side of photonic

crystals is provided, which are described by the structure factors and their connection

to scattering phenomena. I also deal with an additional topic regarding time-varying

photonics, which extends the spatial-restricted design degrees of freedom into temporal

domain.

2.1 Photonic crystals

As a first step, I revisit the quantum mechanical description of crystals; Bloch’s theorem

[18] states that the electron in a periodically distributed potential V (r) = V (r +R)

for lattice vectors R = n1a1 + n2a2 + n3a3 (ni ∈ Z) has a certain form of the wave

function

|ψ⟩ = eik·r |uk⟩ (2.1)
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such that ⟨r|uk⟩ = ⟨r+R|uk⟩ with the same periodicity R, where k is a crystal

momentum and the Schrödinger equation is given as

H |ψ⟩ =
[
p2

2m
+ V

]
|ψ⟩ = E |ψ⟩ . (2.2)

Combining the two Eqs. (2.1) and (2.2), the k-space expression is derived as:

H(k) |uk⟩ ≡
[
e−ik·rHeik·r

]
|uk⟩ = E(k) |uk⟩ . (2.3)

The above relation E(k) (or, multiple branches En(k) with band index n) between

the crystal momentum k and the energy E(k) is called the dispersion relation or the

electronic band structure.

As shown above, Bloch’s theorem is one of the most fundamental theorems in

solid state physics, especially in crystallography, and it can be proven with discrete

translation operator TR defined in such a way that TR |r⟩ = |r+R⟩, which leads to

the following properties: successive translations TRTR′ = TR′TR = TR+R′ , inverse

relation T−1
R = T−R, and unitarity T †

R = T−1
R . Since the Hamiltonian H is periodic,

it is trivial that TR and H commute to each other, TRH = HTR, and thereby both

operators have a simultaneous eigen ket as follows:

H |ψ⟩ = E |ψ⟩ (2.4)

TR |ψ⟩ = c(R) |ψ⟩ . (2.5)

Due to the mentioned properties of the translation operator TR, the eigenvalues should

satisfy c(R)c(R′) = c(R + R′) and therefore it can be expressed as an exponential

form:

c(R) = [c(a1)]
n1 [c(a2)]

n2 [c(a3)]
n3 , (2.6)
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Figure 2.1: Photonic crystal example. (a) Dielectric rods on a square lattice and (b) the
corresponding photonic band structure. Adapted from Ref. [1].

or, with an arbitrary vector k,

c(R) = e−ik·R. (2.7)

This eigenvalue equation is expressed in the position space asψ(r−R) = e−ik·Rψ(r),

which corresponds to the result of Eq. (2.1).

The same approach can be applied in photonics [1]. For simplicity, let’s consider

an isotropic, nonmagnetic, and source-free optical system with spatially varying per-

mittivity profiles ϵ0ϵ(r). From Maxwell’s equations:

∇×E = −∂B
∂t

= iωµ0H (2.8)

∇×H =
∂D

∂t
= −iωϵ0ϵ(r)E (2.9)

with a harmonic time evolution exp(−iωt), the governing equation for wave propaga-

tion is written as

∇×
[

1

ϵ(r)
∇×H

]
=

(ω
c

)2
H, (2.10)

i.e., the eigen problem for a system defined by ϵ(r), where c = (ϵ0µ0)
−1/2 is speed of

light. Notably, when the system is periodic with ϵ(r) = ϵ(r +R), the magnetic field
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profile H(r) is in the vectorial Bloch’s form, Eq. (2.1), as

Hk(r) = eik·ruk(r) (2.11)

with a wave vector-dependent frequency (dispersion relation) ω(k). The periodic struc-

ture of optical potential ϵ(r) or µ(r) is called the photonic crystal (PC), and its repre-

sentative example is illustrated in Fig. 2.1. It is also noted that, the magnetic field H

is a vector quantity, which results in the polarization-dependent band structures for TE

and TM modes, as shown by red and blue lines in Fig. 2.1b.

2.1.1 k · p theory for effective Hamiltonian description

Combining Eqs. (2.10) and (2.11), the eigen equation for the Bloch state uk can be

written as

H(k) |un,k⟩ = λn,k |un,k⟩ (2.12)

where λn,k = [ωn(k)/c]
2, and the k-dependent Hamiltonian

H(k) ≡ e−ik·r
[
∇× 1

ϵ(r)
∇×

]
eik·r = (∇+ ik)×

[
1

ϵ(r)
(∇+ ik)×

]
= H(0) + ∆H(k) ≈ H(0) + ∆H(1)(k) + ∆H(2)(k) (2.13)

is regarded as the perturbation to the H(0) in the vicinity of Γ-point (k = 0) [19].

Especially, the first-order perturbations of momentum vector k are given as

∆H(1) = ik×
[

1

ϵ(r)
∇×

]
, ∆H(2) = ∇×

[
1

ϵ(r)
ik×

]
. (2.14)

Assuming that a few eigenstates |un,Γ⟩ at theΓ-point are nearly degenerate, the aim

here is to obtain an expression for the effective matrix describing the photonic band

structure near the Γ-point, based on the first-order degenerate perturbation theory:

i.e., the calculation of matrix elemeents Cij(k) = ⟨ui,Γ|∆H(k)|uj,Γ⟩. From the
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straightforward vector calculaus,

⟨ui,Γ|∆H(1)(k)|uj,Γ⟩ =
1

V0

∫
d3ru∗

i,Γ(r) · ik×
[

1

ϵ(r)
∇× uj,Γ(r)

]
(2.15)

= − ik
V0

·
∫

d3ru∗
i,Γ(r)×

[
1

ϵ(r)
∇× uj,Γ(r)

]
= −ik ·Pij ,

where V0 is the volume of a unit cell, and the momentum component is defined and

denoted by

Pij ≡ ⟨ui,Γ|∆H|uj,Γ⟩0 =
1

V0

∫
d3ru∗

i,Γ(r)×
[

1

ϵ(r)
∇× uj,Γ(r)

]
. (2.16)

Similarly the other term ⟨ui,Γ|∆H(2)(k)|uj,Γ⟩ = ik ·P∗
ji is obtained, which result in

that

Cij(k) = ik · (−Pij +P∗
ji). (2.17)

Next, let’s consider a spatial symmetry operation R and the corresponding matrix

representation by orthogonal matrix R = (RT )−1 with det(R) = ±1, defined as

⟨r|Ru⟩ = ⟨r|R|u⟩ = [Ru] (r) ≡ Ru(R−1r). (2.18)

Using the properties (Ru) · (Rv) = u · v, (Ru) × (Rv) = (detR)u × v and

R(∇×)R = (detR)∇×, it is derived for the symmetric potential Rϵ−1R−1 = ϵ−1

that

k ·Pij =
k

V0
·
∫

d3r ⟨ui,Γ|r⟩ × ⟨r|1
ϵ
∇×|uj,Γ⟩

= (detR)
Rk

V0
·
∫
Rd3rR

〈
ui,Γ

∣∣R−1Rr
〉
×R

〈
R−1Rr

∣∣1
ϵ
∇×

∣∣uj,Γ

〉
= (detR)

Rk

V0
·
∫

d3r′R
〈
ui,Γ

∣∣R−1r′
〉
×R

〈
R−1r′

∣∣1
ϵ
∇×

∣∣uj,Γ

〉
(2.19)
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where r′ = Rr, and by definition in Eq. (2.18),

k ·Pij = (detR)
Rk

V0
·
∫

d3r′
〈
Rui,Γ

∣∣r′〉× 〈
r′
∣∣R 1

ϵ
∇×

∣∣uj,Γ

〉
= (detR)

Rk

V0
·
∫

d3r′
〈
Rui,Γ

∣∣r′〉× 〈
r′
∣∣R 1

ϵ
R−1R∇× R−1

∣∣Ruj,Γ

〉
=
Rk

V0
·
∫

d3r′
〈
Rui,Γ

∣∣r′〉× 〈
r′
∣∣1
ϵ
∇×

∣∣Ruj,Γ

〉
= Rk · ⟨Rui,Γ|∆H|Ruj,Γ⟩0 . (2.20)

This implies that the first-order correction between two eigenmodes in a certain di-

rection may vanish due to the symmetry. For example, for the two-dimensional C4v-

symmetric square-lattice photonic crystals, the effective Hamiltonian should be written

as

H(k) = λ0I +∆H(k) =


λ0 bkx bky

b∗kx λ0 0

b∗ky 0 λ0

 (2.21)

for the degenerate eigenmodes of diagonalized operator H(0) = λ0I: monopole-like

mode [1, 0, 0]T and dipole-like modes [0, 1, 0]T and [0, 0, 1]T in x- and y-directions,

respectively, considering the related mirror and rotational symmetries [19]. Then, the

corresponding eigenfrequencies ω = c
√
λ are obtained as

ω(k) =


c
√
λ0 = ω0

c
√
λ0 ± |b|k ≈ ω0 ± vk

, (2.22)

where k = |k|,λ0 ≡ (ω0/c)
2 is the degenerate eigenvalue atΓ-point and v = c2|b|/2ω0

is the group velocity of the conical band structure as known as Dirac cone.

2.1.2 Zero-refractive-index materials

As described previously, the permittivity ϵ0ϵ(r) and permeability µ0µ(r) act as an

EM potential for light propagation; in detail, the refractive index n(r) =
√
ϵ(r)µ(r)
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Figure 2.2: Accidentally induced photonic Dirac cones with effective zero refractive
index. (a,b) Band structures of dielectric rod structure (inset). (c,d) Multiple scattering
theory-related parameters as a function of frequency (c) and the corresponding Wave
parameter retrieval (d). Adapted from Ref. [2].

determines the intra-medium optical phase evolution, while the change of relative

wave impedance Z(r) =
√
µ(r)/ϵ(r) at the interface or in the inhomogeneous media

governs the scattering phenomena.

For example, consider a infinitesimal ϵ(r) = µ(r) = δ → 0 inside a certain region

r ∈ X . In this condition, the refractive index trivially vanishes n→ 0, while the wave

impedanceZ = 1 keeps unity. This means that waves propagate without phase evolution

inside the region X , but they never feel the existence of boundary X when crossing,

from outside to inside of the region, or vice versa. This intriguing phenomenon provides

many promising applications, such as optical cloaking or high-efficiency meta-lens.

The importance of a photonic crystal platform is in the possibility of implementing

such impedance-matched zero-refractive-index material. When waves are incident to
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Figure 2.3: Applications of zero-refractive index material. (a) Schematic of the optical
cloaking and (b) experimental result of the field distribution. (c) Simulation result of
the field distribution for lens focusing application. Adapted from Ref. [2].

the region of photonic crystal, they propagate upon the corresponding Bloch states

of the periodically repeated resonance mode profiles on the lattice. Depending on the

shape of a mode, it effectively modulates the electric and/or magnetic resonances. For

example, a rod-centered monopole-like mode withk = 0 operates in a similar way to the

effective electric dipole along z-direction, which cancels the intrinsic dipole moment

and thereby makes the propagating wave feels effective zero permittivity ϵeff = 0.

Similarly, x- or y-directional dipole-like modes form effective current loops in y- and

x-directions, respectively, which provide an effective zero permeability µeff = 0 in

each direction. Therefore, when the resonance frequencies for three (one monopole

and two dipoles) different modes accidentally coincide, the photonic crystal structure

can support an effective zero-refractive index with finite impedance. This is called the

accidental degeneracy and illustrated in Fig. 2.2.

The key feature of zero index comes from Snell’s law at the interface, for example,

if n1 = 0,

n1 sin θ1 = 0 = n2 sin θ2, (2.23)

which implies that regardless of the internal propagation and the index outside (n2),
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waves are ejected with zero angle θ2 = 0. This can be applied to two novel optical

devices: optical cloaking and meta-lens. As shown in Fig. 2.3, the wave can pass

through the object inside the zero index medium. In addition, according to Snell’s law,

designing the circularly curved interface results in the wave focusing at a distanced

focal point.

2.2 Photonic disorders

In contrast to the fact that the discrete translational symmetry in photonic crystals

restricts the degrees of freedom for light-matter interaction into a finite region so-

called the first Brillouin zone, the absence of such symmetry not only results in the

randomized appearance in the real space but also diversifies the corresponding wave

responses for different momenta or frequencies in the unbounded reciprocal space.

In this sense, it is necessary to address how to quantify disordered structures and

how they are connected to the light-matter interactions (i.e. light scattering), by which

one can consider a path in the continuum of order and disorder. Then, the engineering of

disorder (Fig. 2.4) corresponds to seeking the optimal path for the combined target wave-

material properties, by utilizing full degrees of freedom in relation to the translational

symmetry.

2.2.1 Green’s function and Born’s approximation

Consider a two-dimensional EM potential ϵ(r) and µ(r) as an inhomogeneous scatterer

in background potential ϵb and µb:

ϵ(r) = ϵb[1 + ∆ϵ(x, y)],
1

µ(r)
=

1

µb
[1 + ∆β(x, y)]. (2.24)
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Figure 2.4: A concept of engineered disorder in photonics. (a) A path between complete
order and perfectly uncorrelated disorder can be highly diversified: from the traditional
direct path in wave parameter space to unconventional bypasses. (b) Examples of wave
quantities. Adapted from Ref. [3].

Then, from Maxwell’s equation, a time-harmonic z-polarized electric field E(r, t) =

ẑψ(x, y)e−iωt is governed by

∇× 1

µ(r)
∇×E =

ω2

c2
ϵ(r)E

∴

[
∂

∂x

1

µ

∂

∂x
+

∂

∂y

1

µ

∂

∂y
+ k20ϵ

]
ψ = 0, (2.25)

where k0 = ω/c is the free-space wave number. Considering the perturbation in Eq.

(2.24), the above equation leads to

(
1

µb
∇2 + k20ϵb

)
ψ = −

[
∇∆β

µb
·∇ψ +

∆β

µb
∇2ψ + k20ϵb∆ϵψ

]
∴ (∇2 + k2b)ψ = −(∇∆β ·∇ψ +∆β∇2ψ + k2b∆ϵψ) (2.26)
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where nb =
√
µbϵb is the ambient refractive index and kb = nbk0 is the wave number

in background.

Before solving the entire part of Eq. (2.26), Green’s functionG(r, r′) is introduced

as a point response to the δ-scatterer:

[
∇2 + k2b

]
G(r, r′) = δ(r− r′), (2.27)

solution of which is well known to be expressed as Hankel function:

G(2D)(r, r′) = − i

4
H

(1)
0 (kb

∣∣r− r′
∣∣). (2.28)

When considering the RHS of Eq. (2.26) as −F (r), then the total field is expressed in

a convolutional form:

ψtot(r) = ψinc(r)−
∫

d2r′F (r′)G(r, r′), (2.29)

where ψinc = eikb·r is the incident wave propagating in kb = kbk̂ direction, which is a

homogeneous solution, and the last term becomes the scattered wave. Despite the fact

that the above equation is in interative form, which includes ψtot-dependent expression

within F (r′) in the RHS, it can be approximated only with the first-order term,

F (r′) = ∇∆β(r′) ·∇ψtot(r
′) + ∆β(r′)∇2ψtot(r

′) + k2b∆ϵ(r
′)ψtot(r

′)

≈ ∇∆β(r′) ·∇ψinc(r
′) + ∆β(r′)∇2ψinc(r

′) + k2b∆ϵ(r
′)ψinc(r

′)

=
[
ikb ·∇∆β + k2b(∆ϵ−∆β)

]
eikb·r′ . (2.30)

This is called the first-order Born approximation, which also corresponds to the same

concept for Lippmann-Schwinger equation [20] in quantum scattering theory. Notably,

if ∆β is slowly-varying along the direction of incident wave, i.e.
∣∣∣k̂ ·∇∆β

∣∣∣ ≪ kb∆β,

the effective scatterer is reduced to the last two terms: k2b(∆ϵ−∆β), and further it can
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be cancelled if ∆β = ∆ϵ.

In general, it is assumed that a medium is non-magnetic: µb = 1 and ∆β = 0.

Then, the total field can be simplified to

ψ
(2D)
tot (r) = eikb·r +

ik2b
4

∫
d2r′∆ϵ(r′)eikb·r′H

(1)
0 (kb

∣∣r− r′
∣∣). (2.31)

In 3D space, Green’s function is agian written as outgoing spherical wave:

G(3D)(r) = − eikb|r−r′|

4π|r− r′|
. (2.32)

Further simplifying with scalar wave approximation in 3D,

ψ
(3D)
tot (r) = eikb·r +

k2b
4π

∫
d3r′∆ϵ(r′)eikb·r′ e

ikb|r−r′|

|r− r′|
. (2.33)

Under the far-field approximation: |r| ≫ |r′|,

∣∣r− r′
∣∣ = √

r2 + r′2 − 2rr′ cos θ ≈ r − r′ cos θ (2.34)

where θ is the angle between observation point (r)-origin-scattering point (r′) with

cos θ = r̂ · r̂′. Therefore, Eq. (2.33) is further modified to

ψ(3D)(r) = eikb·r +
k2be

ikbr

4πr

∫
d3r′∆ϵ(r′) exp

[
ikb · r′ − ikbr

′ cos θ
]

= eikb·r +
k2be

ikbr

4πr

∫
d3r′∆ϵ(r′) exp

(
−iq · r′

)
= eikb·r +

k2be
ikbr

4πr
∆ϵ̃(q), (2.35)

where ∆ϵ̃(k) is the Fourier transform of the perturbation ∆ϵ(r), and q = kbr̂− kb =

ksca − kinc denotes the difference between scattering and incident wave vector. It is

noted that the scattered wave in Eq. (2.35) is basically in the form of spherical wave

centered at the finite size of scatterer, which is modulated by the factor of ∆ϵ̃(q)
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Figure 2.5: Point-process realizations (upper) and the corresponding structure fac-
tors (lower): (a) Poisson disorder, S(k) = const; (b) hyperuniform disorder,
lim|k|→0 S(k) = 0, (c) stealthy hyperuniform disorder, S(|k| < kc) = 0; and (d)
crystal, S(k) =

∑
kBragg

c(kBragg)δ(k− kBragg). Adapted from Ref. [4].

depending on the direction of scattering.

2.2.2 Structure factor and τ order metric

As described in the previous section, perturbation to an electric permittivity ∆ϵ(r)

gives rise to spherical scattering with direction-dependent (ksca = q+ kinc) scattered

intensity:

Isca(r) = |ψsca(r)|2 ≈
k4b

16π2r2
|∆ϵ̃(q)|2

∝
∣∣∣∣∫ d3r′∆ϵ(r′)e−iq·r′

∣∣∣∣2
=

∫
d3r′1d

3r′2
[
∆ϵ∗(r′1)∆ϵ(r

′
2)
]
e−iq·(r′2−r′1). (2.36)

Now, let’s consider disordered perturbations ∆ϵi(r) with i = 1, 2, 3, · · · , which
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constitutes an ensemble of disorder under statistically identical description:

⟨∆ϵ(r)⟩ = 0 mean, (2.37)

⟨∆ϵ∗(r1)∆ϵ(r2)⟩ = C(r1, r2) correlation, (2.38)

where ⟨·⟩ = N−1
∑N

i=1 · denotes the ensemble average. If there is an additional

statistical homogeneity: C(r1, r2) = C(r1 − r2), the statistical scattering intensity (in

average) is directly derived from Eq. (2.36) as

⟨Isca(r)⟩ =
k4b

16π2r2

∫
d3r′1d

3r′2
〈
∆ϵ∗(r′1)∆ϵ(r

′
2)
〉
e−iq·(r′2−r′1)

=
k4b

16π2r2

∫
d3r′1d

3r′2C(r
′
1 − r′2)e

−iq·(r′2−r′1)

=
k4b

16π2r2

∫
d3r′d3∆rC(∆r)eiq·∆r ≈

k4bVsca
16π2r2

S̃(−q), (2.39)

where Vsca ∼
∫
d3r′ is the volume scale of disordered scatterers, and S̃ denotes the

Fourier transform of the correlation function. Here, S̃(k) is called the structure fac-

tor (see Fig. 2.5 for example), the statistical description of a disordered scatterer that

provides a directional scattering intensity. Also note that tilde notation for k-space

representation is possibly omitted throughout the dissertation unless otherwise speci-

fied. Motivated from the information that S(q) gives, the inverse design with a target

structure factor is also available. The concept of hyperuniformity [4] is a representa-

tive example; defined by the state of matter with limq→0 S(q) = 0, disanrders with

hyperuniformity have a long-range order as similar to crystals. Furthermore, a more

strict condition: S(q) = 0 for |q| = ksca−kinc < q0 derives that there is no backward

scattering (i.e., ksca = −kinc) for long-wavelength incidence kinc < q0/2. This kind of

hyperuniform material in strict sense is called the stealthy hyperuniformity (Fig. 2.6),

implying the existence of "bandgap" even if it is not a crystal.

Associated with the structure factor S(k), the translational order metric τ is origi-
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Figure 2.6: Disordered stealthy hyperuniform structure. (a) Designed sample. (b,c)
measured and calculated TE (b) and TM (c) transmission, revealing a complete bandgap.
Adapted from Ref. [5].

nally defined in point process [4] as

τ [S(k)] ≡ 1

ρ2Dd

∫
ddk

(2π)d
[S(k)− 1]2, (2.40)

where D is a characteristic length scale, d is the dimension of the Euclidean space

Rd, and ρ is the number density in infinite-volume limit. It is noted that the unity

in integral of Eq. (2.40) is the structure factor of Poisson process 1 = SPoisson(k),

which means that in the real space, the Poisson process is perfectly uncorrelated:

CPoisson(r1, r2) ∼ δ(r1 − r2). Therefore, the τ order metric measures the squared

distance how material deviates from the perfectly uncorrelated phase [21]: τ = 0 for
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the Poisson process (Fig. 2.5a) and τ → ∞ for crystals or quasicrystals (Fig. 2.5d),

which only contain δ-function-like Bragg peaks in their structure factors. In terms of

the photonic design of deep sub-λ disorder, τ is also in relation to the transmission,

localization, and Goos-Hänchen shift in one-dimensional multilayer films [22].

2.3 Time-varying photonics

From the governing equation of source-free (ρ = 0,J = 0) and nonmagnetic (µ = 1)

electromagnetic systems:

∇×E = −∂B
∂t

and ∇×H =
∂D

∂t
(2.41)

with non-dispersive and local constitutive relations D = ϵ0ϵ(r, t)E and B = µ0H,

wave equations of two kinds for specific conditions are derived as follows.

• For spatial systems with ϵ = ϵ(r),

∇×∇×E+
ϵ(r)

c2
∂2E

∂t2
= 0, (2.42)

∇× 1

ϵ(r)
∇×H+

1

c2
∂2H

∂t2
= 0. (2.43)

• For temporal systems with ϵ = ϵ(t),

1

c2
∂2D

∂t2
+

1

ϵ(t)
∇×∇×D = 0, (2.44)

∂

∂t

[
ϵ(t)

c2
∂B

∂t

]
+∇×∇×B = 0. (2.45)

As shown above, two pairs of the wave equations for field components (E,H) and

(D,B) are equivalent, considering the optical potentials ϵ or ϵ−1 which are inverse of

each other. Therefore, the temporal analogy of spatial photonic systems provides a lot of

insight on extending the degrees of freedom, while also requiring a few considerations:
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the difference between the major field components, as well as fundamental energy

non-conservativeness due to the broken time-translational symmetry.

2.3.1 Temporal boundary

As described above, in temporal systems the principal EM fields should be D and B

instead of conventional E and H in inhomogeneous media. In this context, the fields

that are continuous at "temporal" domain are also derived asD andH, which is induced

by integrating both sides of Maxwell’s equations in the infinitesimal vicinity of any

temporal boundary at t = t′ with α(t) = 1/ϵ(t):

D(r, t′ + 0)−D(r, t′ − 0) = lim
∆t→0

∫ t′+∆t

t′−∆t
dt
∂D

∂t
=

1

µ0
lim
∆t→0

∫ t′+∆t

t′−∆t
dt∇×B = 0,

B(r, t′ + 0)−B(r, t′ − 0) = lim
∆t→0

∫ t′+∆t

t′−∆t
dt
∂B

∂t
= − 1

ϵ0
lim
∆t→0

∫ t′+∆t

t′−∆t
dtα(t)∇×D = 0.

(2.46)

Therefore, space-harmonic fields with z-direction momentum k (Fig. 2.7):

D(r, t) = x̂ψ(t) exp(ikz), B(r, t) = ŷ
iµ0
k

dψ(t)

dt
exp(ikz) (2.47)

should be continuous at any discontinuities of α(t), unless there are δ-like spikes with

finite areas.

It is also noted that the critical non-dispersive assumption is necessary. In contrast

to a linear time-invariant system with time-invariant permittivity tensor ϵ′(τ) = ϵδ(τ)

D(r, t) = ϵ0

∫ ∞

0
dτϵ′(τ)E(r, t− τ) = ϵ0ϵE(r), (2.48)

time-varying systems are expressed using ϵ′(t, τ) = ϵ(t)δ(τ) as

D(t) = ϵ0

∫ ∞

0
dτϵ′(t, τ)E(t− τ) = ϵ0

∫ ∞

0
dτϵ(t)δ(τ)E(t− τ) = ϵ0ϵ(t)E(t).

(2.49)
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Figure 2.7: Scattering at (a,c) spatial and (b,d) temporal boudaries. In contrast to
spatial systems with conserved energy ω (a,c), momentum k is conserved in temporal
systems (b,d). Adapted from [6].

More detailed descriptions of general dispersive media can be found in Refs. [23–25].

2.3.2 Open-system nature

The breaking of continuous time-translational symmetry in time-varying electromag-

netic (EM) systems inherently implies the breaking of the EM energy conservation. In

this section, I discuss the rigorous energy conservation of EM system and the environ-

ment. As defined in Ch. 5, I assume an externally modulated time-varying permittivity

ϵ(t) = α−1(t) applied to the infinite spatially homogeneous medium. The fundamental

energy description of the EM system starts from the Poynting’s theorem:

∂

∂t
(WJoule + uEM) = J ·E+

[
E · ∂D

∂t
+H · ∂B

∂t

]
= −∇ · (E×H), (2.50)

where J, E, D, B, and H are the current density, electric field, displacement field,

magnetic flux density, and magnetic field intensity, respectively; ∂WJoule/∂t = J ·E

is the Joule heat (i.e., the microscopic mechanical work rate driven by the Lorentz

force); ∂uEM/∂t = E · ∂D/∂t + H · ∂B/∂t is the rate of internal EM energy;
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and S = E × H is the Poynting vector (i.e., the EM flux). Due to the charge-free

and spatially homogeneous system, ∂WJoule/∂t = 0 and ∇ · S = 0, and therefore

∂uEM/∂t = 0, revealing the fundamental energy conservation of the entire system.

Now we focus on the internal field energy rate:

∂uEM
∂t

= E · ∂D
∂t

+H · ∂B
∂t

=
α(t)

ϵ0
D · ∂D

∂t
+H · µ0

∂H

∂t

=
α(t)

2ϵ0

∂|D|2

∂t
+
µ0
2

∂|H|2

∂t
(2.51)

which derives the microscopic EM energy:

uEM =

∫
dt

[
α(t)

2ϵ0

∂|D|2

∂t
+
µ0
2

∂|H|2

∂t

]
=
α(t)

2ϵ0
|D|2 + µ0

2
|H|2 −

∫
dt

2ϵ0

dα(t)

dt
|D|2

(2.52)

Notably, the third term with integration in Eq. (2.52) vanishes in time-invariant systems

with ∂α/∂t = 0, defining the non-conservative “instantaneous EM energy” as

u0EM =
α(t)

2ϵ0
|D|2 + µ0

2
|H|2 (2.53)

which only accounts for the snapshot value of EM field energy assuming the time-

invariant potential.

The spatially harmonic wave is represented as

D(r, t) = Re [x̂ψ(t) exp(ikz)]

|D|2 = 1

4

[
ψeikz + ψ∗e−ikz

]2
=

1

4

[
ψ2e2ikz + (ψ∗)2e−2ikz + 2|ψ|2

]
, (2.54)

which gives rise to the space-averaged value:

|D|2avg =
k

2π

∫ 2π/k

0
dz|D|2 = 1

2
|ψ(t)|2 (2.55)
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Similarly, the magnetic field is derived from the Maxwell’s equation as

H(r, t) = Re

[
ŷ
i

k

dψ(t)

dt
exp(ikz)

]
(2.56)

|H|2avg =
1

2k2

∣∣∣∣dψ(t)dt

∣∣∣∣2. (2.57)

As a result, the space-averaged EM field energy leads to

duEM,avg

dt
=
α(t)

2ϵ0

d

dt
|D|2avg +

µ0
2

d

dt
|H|2avg

=
α(t)

4ϵ0

d

dt
|ψ(t)|2 + µ0

4k2
d

dt

∣∣∣∣dψ(t)dt

∣∣∣∣2
=

1

4ϵ0

[
α(t)

d|ψ|2

dt
+

1

(ck)2
d

dt

∣∣∣∣dψ(t)dt

∣∣∣∣2
]

(2.58)

uEM,avg(t) =
1

4ϵ0

[
α(t)|ψ(t)|2 + 1

(ck)2

∣∣∣∣dψ(t)dt

∣∣∣∣2 − ∫ t

−∞
dt′

dα(t′)

dt′
∣∣ψ(t′)∣∣2]

(2.59)

Resultingly, the space-averaged instantaneous EM field energy is expressed as

u0EM,avg(t) =
1

4ϵ0

[
α(t)|ψ(t)|2 + 1

(ck)2

∣∣∣∣dψ(t)dt

∣∣∣∣2
]

(2.60)

The time derivative of u0EM,avg(t) therefore corresponds to the energy gain (positive

rate) or the loss (negative rate), which is externally driven by signal power to the system

from the environment:

Pin(t) =
du0EM,avg(t)

dt
. (2.61)

Notably, it is possible to approximate the energy gain for a single-frequency wave

obtained from a weakly perturbed potential α(t) = αb[1 + ∆α(t)], using the time-

domain version of structure factor similar to Eq. (2.39). The total field is written as
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ψ(t) = ψinc(t) + ψsca(t) = e−iωbt +
[
sFW(t)e−iωbt + sBW(t)e+iωbt

]
, (2.62)

where ωb = ck
√
αb is the incident frequency and sFW,BW(t) is the instantaneous

scattering amplitude in forward and backward directions, respectively. Due to the range

of potential change being extremely limited, sFW,BW(t) are slowly varying and mostly

focused atω = 0 component in the frequency domain compared to the carrier frequency

ωb, which results in the follwoing approximation:

dψ

d(ωbt)
= −i

[
(1 + sFW)e−iωbt − sBWe

+iωbt + i
dsFW
d(ωbt)

e−iωbt + i
dsBW

d(ωbt)
e+iωbt

]
≈ −i

[
(1 + sFW)e−iωbt − sBWe

+iωbt
]
. (2.63)

Then, the instantaneous EM energy in Eq. (2.60) is written as

u0EM(t) =
αb

4ϵ0

{
[1 + ∆α(t)]|ψ(t)|2 +

∣∣∣∣ dψ

d(ωbt)

∣∣∣∣2
}

≈ αb

4ϵ0

[
2
(
|1 + sFW|2 + |sBW|2

)
+∆α(t)|ψ(t)|2

]
, (2.64)

which results in the energy gain after the end of finite perturbation (i.e., ∆α(t > T ) =

∆α(t < 0) = 0) as

∆u0EM = u0EM(t > T )− u0EM(t→ −∞)

=
αb

2ϵ0

[
|1 + sFW|2 + |sBW|2 − 1

]
=
αb

2ϵ0

[
|sFW|2 + |sBW|2 + 2Re sFW

]
.

(2.65)

As will be discussed in Ch. 5, the scattering intensities |sFW,BW|2 are statistically

governed by the time-domain analog of structure factor: S(ω = 0, 2ωb), respectively,

while the last term Re sFW will vanish due to the uniform phase distribution from the
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random-generated ensemble of disorder realizations. Significantly, Eq. (2.65) implies

that the temporal structure factor S(ω) corresponds to the power spectral density, and

the incident wave absorbs the selective portion (near ω = 0 and 2ωb) of the total

applied power distribution S(ω).
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Chapter 3

Engineered Band Structures

Band engineering near Dirac points is an emerging topic in condensed matter physics

and photonics, enabling multifaceted devices of record-high conductivity and zero re-

fractive index in both electronic and photonic structures. Recently, an extended class of

Dirac cone, type I, II, or III, has attracted much attention with its controlled directional-

ity of singular wave behaviors near the Dirac points. However, despite the significance

of the discovery and applications of each type of Dirac cone, the theoretical framework

and unified design structure bridging different types of Dirac cones have not been

clearly elucidated.

In this chapter, I introduce a published work [15] by coauthors (Prof. Sunkyu Yu

and Prof. Namkyoo Park) with permission (©American Physical Society): a universal

design platform for all types of photonic Dirac cones, revealing the key parameter

determining their types and transformations. Starting from the accidentally induced

photonic Dirac cone, it is shown that the inverse design of an optical potential landscape

enables the deterministic control of the spectral ordering, which leads to designer

construction of each type of Dirac cone. This approach will pave the way for the design

of artificial degeneracies with tunable anisotropy for general wave systems.
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3.1 Introduction

A Dirac cone, a conical dispersion with point degeneracy (Dirac point; DP), has been a

hot topic of research in condensed matter physics with its unique property of massless

transport of electrons [26]. This novel feature, originating from the sublattice symmetry

in a honeycomb lattice, has led to significant advances in high-performance graphene

electronics [27,28] and spintronics [29,30]. Because of the universality of band theory

in wave phenomena, the physics and applications of DPs have also been widely re-

produced in other wave systems, including photonic [2,31–33], phononic [34,35], and

circuit [36, 37] structures. In particular, the photonic Dirac cone (PDC), accidentally

induced at the Γ-point with an additional flat band, became a representative opti-

cal counterpart of massless electronic transport, achieving amplitude-phase-conserved

wave propagation with a zero refractive index. The Dirac frequency in PDC then op-

erates as an electromagnetic (EM) resonant frequency where the effective electric and

magnetic dipole moments simultaneously cancel external fields, defining the phase

transition for optical materials between negative and positive refractive indices [2,32].

On the other hand, the physics and its applications near DPs have been further

extended by imposing a perturbation on the perfect conical band structure (Fig. 3.1a),

which derives significant phase change around the DP. For example, in quantum me-

chanics, a bandgap opening realized by broken time-reversal symmetry with the external

magnetic field gives rise to nonzero Chern numbers and topological edge states [38].

Similar band manipulations by artificial gauge fields have also been reported with the

emergence of nontrivial spin Chern numbers and the analogy of the quantum spin Hall

effect in classical wave systems: photonics [39, 40], acoustics [41, 42], and electric

circuit systems [36, 37]. Different classes of tilted Dirac cones have also drawn much

recent interest with their anisotropic Fermi surfaces. In terms of the band slopes near

DPs, Dirac cones are classified by types I, II, or III, each having opposite signs, the same

signs, or a zero of group velocities (Figs. 3.1b-d), resulting in different anisotropic Fermi

29



surfaces (or isofrequency contours; IFCs) at the Dirac frequency [43, 44]. While tilted

type-I and type-III (as an extreme case of type-I) DPs are realized by imposing smooth

deformations on structures both in quantum systems [45,46] and photonics [44,47,48],

it was only recently that type-II Dirac/Weyl points with extreme nonreciprocity have

drawn attention [43,49], reproduced in photonics [50–53] and acoustics [54–56]. While

each type of tilted Dirac cone in given structures has been well elucidated in terms of

its mechanisms and behavior and is also considered a promising platform for imposing

directionality on Dirac cones, the study on the relationships between different type of

DPs in terms of physics and platform compatibility is rare.

In this chapter, we present an integrated analysis for all types of tilted PDCs and

thus achieve a universal design framework, to enable the deterministic realization and

transition between different types of tilted Dirac cones. Starting from the effective

Hamiltonian theory, we first classify deformed band structures of the accidental PDC

[2] in terms of the spectral ordering of eigenvalues at the Γ-point. we then propose

a perturbative inverse-design method which utilizes the spatial profile of a target

eigenmode, achieving the successful generation of deformed dispersions that cover all

types of tilted PDCs. Under the same template, we also study and reveal the frequency-

dependent topological transition of IFCs in the momentum space. The effect of mirror

symmetry breaking is also discussed in regard to the opening of the symmetry-protected

bandgap.

3.2 Effective Hamiltonian description of photonic Dirac cones

Without loss of generality, we consider a two-dimensional (2D) square-lattice photonic

crystal (PC) consisting of isotropic and nonmagnetic materials for transverse-magnetic

propagations. In these platforms, the application of the k·p perturbation theory (see Sec.

2.1.1 and Ref. [57]) allows the approximation of band structures in the vicinity of the Γ-

point, using eigenmodes and corresponding eigenfrequencies at the Γ-point. For nearly
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(a)

III III

+-

+

0

+ +

(b) (c) (d)

Figure 3.1: Tilted Dirac cones. (a) Band dispersion of a photonic Dirac cone with
accidental triple degeneracy ωs = ωpx = ωpy along the ΓX and ΓY paths. ωs and
ωpx,py are the eigenfrequencies of a monopole and dipoles at the Γ-point, and Γ,X(Y )

are the reciprocal points in the square Brillouin zone (BZ). (b-d) Schematics of vertical
cross-sections for tilted PDCs: (b) type-I, (c) type-II, and (d) type-III.

degenerate dipole modes |px,y⟩ and monopole mode |s⟩, the effective Hamiltonian for

the eigenvalue equation H(k) |uk⟩ = ω(k) |uk⟩ then becomes

H(k) =


ωs vxkx vyky

vxkx ωpx 0

vyky 0 ωpy

, (3.1)

where the diagonal terms (ωs and ωpx,py) are the unperturbed eigenfrequencies of a

monopole and x-, y-dipoles at the Γ-point, respectively, satisfying H(0) |s⟩ = ωs |s⟩

and H(0) |px,y⟩ = ωpx,py |px,y⟩. The off-diagonal terms (vxkx and vyky) are k-

dependent perturbations to the Γ-point Hamiltonian with group velocity coefficients

vx,y [58]. For other lattice structures such as hexagonal [40] and rhombic lattices [59],

a similar formulation using their eigenmodes can be developed in a similar way.

For simplicity, we focus on the band structures along the kx-axis (ky = 0). Along

the axis, Hamiltonian H is decomposed into a 1 × 1 scalar operator for the py-mode

and a 2 × 2 Hamiltonian matrix for the coupled s- and px-modes. Three bands of the

Hamiltonian are then obtained as a decoupled flat band ωflat(kx; ky = 0) = ωpy and
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the other coupled bands:

ω±(kx; ky = 0) =
ωs + ωpx ±

√
(ωs − ωpx)2 + 4v2xk

2
x

2
(3.2)

with corresponding eigenmodes |flat⟩ = |py⟩ and |±⟩ = c
(±)
s |s⟩+ c

(±)
px |px⟩ for some

normalized coefficients c(±)
s and c(±)

px . We note that the geometry of the coupled bands

ω± near the Γ-point is mainly determined by the “diagonal” components ωs and ωpx,py

of the Hamiltonian.

According to Eq. (3.2), we note that three-level band structures of PDCs can be

generally classified into the following five regimes, with respect to Γ-point spectral

distributions: (A) ωpx = ωpy = ωs (Fig. 3.1a), (B) ωpx = ωpy < ωs (Fig. 3.2a), (C)

ωpy < ωpx = ωs (Fig. 3.2b), (D) ωpy < ωpx = ωs (Fig. 3.2c), and (E) ωpy = ωs = ωpx

(Fig. 3.2d). In terms of this spectral ordering, it now becomes easier and clearer to

classify different types of PDC. First, class A, known as the accidental degeneracy

[2, 32], corresponds to the type-I PDC with an additional flat band (green band in

Fig. 3.1a). Classes B-E correspond to the deformed dispersion of the accidental PDC

(class A). Typical C4v-symmetric PCs exemplifies case B with parabolic dispersions

due to nonzero ωpx,py − ωs (Fig. 3.2a) [1], while case D signifies the directional Dirac

dispersion at theΓ-point [60]. In view of the inverse-design approach of the PDC, which

will be expanded in Sec. 3.3, it is worth mentioning that the Γ-point eigenfrequencies

ωpx,py and ωs strongly affect the effective electric and magnetic responses of materials

and the detailed band geometry [60, 61]. Also see Appendix A.1.

Classifying the various dispersions of deformed PDC structures with the single

Hamiltonian formulation, we search for the variations of tilted PDCs. For anisotropic

classes C-E with broken C4v-symmetry, type-III PDCs can be achieved away from

the Γ-point (black circles and arrows in Figs. 3.2b-d). As an example, we consider the

emergence of a type-III PDC in class D of∆ωpy = ωpy−ωs < 0 (Fig. 3.2c), away from

the Γ-point. For this case, since the band dispersions are given by ωflat(kx; ky = 0) =

ωpy and ω±(kx; ky = 0) = ωs±|vxkx| from Eq. (3.2), there exists a single intersecting
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(a) (b) (c) (d)

(e)
anti-crossing

crossing

    

Figure 3.2: Deformation of PDCs. (a-d) Deformed band structures withΓ-point spectral
distributions ωpx = ωpy < ωs, ωpy < ωpx < ωs, ωpy < ωpx = ωs, and ωpy < ωs <

ωpx, respectively. The dotted circles and arrows in (b-d) indicate the emergence of
type-III PDCs through anisotropic deformations. (e) Projections of band structures on
the normalized kx−ω plane, near the type-III PDC in (c), describing the band crossing
and anti-crossing depending on the values of ky. The graded color of lines represents
the values of normalized ky.

point between ω−(kx; ky = 0) and ωflat(kx; ky = 0) bands at kx = kx0 ≡ |∆ωpy/vx|.

In contrast, a nonzero ky in the effective Hamiltonian leads to anti-crossing between

two bands with the frequency splitting |ω− − ωflat| ∼
√
2vyky with mode coupling

(Fig. 3.2e, also see Appendix A.2 for the derivation). The crossing and anti-crossing

depending on ky prove that there is a point degeneracy at k = (kx0, 0) for the formation

of a PDC. Because of the zero group velocity ∂ωflat/∂kx = 0, the band structures near

this band-crossing point are classified as type III, which is also discussed in a similar

way in Ref. [44]. we further note for later discussions that the bending of the flat band

ωflat(kx) also allows the transition of type-III PDCs to type-I or type-II PDCs. Most

importantly, we show that this transition between different types of the PDC can be
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controlled by the spectral separation ∆ωpx,py ≡ ωpx,py − ωs.

3.3 Inverse design of tilted Dirac cones

To achieve the optical potential for the target Hamiltonian in Eq. (3.1), we apply the

inverse-molding of the potential landscape from the spatial profile of an eigenmode,

which has been adopted in the design of disordered structures [62], non-Hermitian

potentials [63], and the transverse spin of light [64]. For the Helmholtz equation

[
∇2 + k20ϵ(r)

]
Ez(r) = 0, (3.3)

the target profile of the Bloch wave Ez(r) = eik·ruk(r) at the design point (k, ω)

provides a necessary landscape of permittivity in a unit cell:

ϵ(r) =
(k2 −∇2)uk − 2ik · ∇uk

k20uk
, (3.4)

where k = |k|, k0 = ω/c, and the modal profile inside the unit cell uk(r) has the same

periodicity as ϵ(r). For the three eigenmodes (Fig. 3.3b), the inverse design process

allows the designer alteration of the two px,y-eigenmodes and their eigenfrequencies

using the spatial profile of target s-mode us(r) = ⟨r|s⟩.

In detail, we introduce aC2v-symmetric perturbation f(r) (Fig. 3.3d) to the s-mode

of the potential (Fig. 3.3c) for class A (Fig. 3.1a). This wavefunction perturbation on

a target eigenmode |s⟩ = exp [f(r)] |s0⟩ (Fig. 3.3e, upper) then leads to the designed

potential landscape ϵ(r) (Fig. 3.3e, lower), with Eq. (3.4) at fixed momentum and

frequency (k, ω) = (0, ωs0). we emphasize that the inverse-designed potential from

this C2v-symmetric perturbation maintains the original C2v-symmetry while keeping

the orthogonality between the bases of the Hamiltonian in Eq. (3.1). Critically, their

mode frequencies are adjusted by the modified effective index for each mode, in such a

way to derive the nonzero dipole resonance shifts ∆ωpx,py ̸= 0 and the zero monopole
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Figure 3.3: (a) Dielectric rod structure on a square lattice (radius r0 = a/5, dielectric
constant ϵ = 12.5) [2] as a seed potential for class A in Fig. 3.1a. (b) Three eigenmode
profiles (one monopole s0 and two dipoles px0,y0) at the Γ-point for the potential in
(a), with degenerate eigenfrequency ωa/2πc = 0.541. (c-e) Inverse design schematics.
(c) The unperturbed PDC potential ϵ0(r) (lower) and its s-mode profile (upper). (d)
The C2v-symmetric perturbation function f(r) with control parameters δx and δy. (e)
A new target s-mode profile (upper), and the inversely designed potential with the
fixed eigenfrequency ωs = ωs0 (lower). The target mode is defined by multiplying the
perturbation function f(r) with the unperturbed s-mode profile.

mode resonance shift∆ωs = 0, thereby breaking the accidental degeneracy. To achieve

the target ∆ωpx,py, we utilize parameters (δx, δy) that separately determine the strength

of the perturbation f(r) in each axis, as described in Appendix A.3 with detailed

numerical treatment. See also Appendix A.4 for a dipole-based design approach, where

the perturbation is applied to px-mode.

To verify the proposed idea, the dipole frequency shifts ∆ωpx,py are calculated

with the finite element method (FEM) [65] as a function of (δx, δy). The contours of

modal separations ∆ωpx (dashed lines) and ∆ωpy (solid lines) in Fig. 3.4a are almost

perpendicular to the δx and δy axes, respectively, proving the nearly independent control

of ωpx and ωpy with respect to the fixed ωs. we emphasize that all five classes discussed
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in Figs. 3.1 and 3.2 are classified as different regimes in the (δx, δy) plane (Fig. 3.4a:

∆ωpx = ∆ωpy = 0, point A; ∆ωpx = ∆ωpy, line B; ∆ωpx∆ωpy = 0, lines D; gray

and yellow regions C, E), proving the emergence of entire classes of the deformed

structures within a single platform.

Because the flat band has a nonzero curvature in a real structure, especially for large

k values, other types of PDC having a positive or negative slope are expected to emerge,

as derivatives of type III. For precise analysis beyond the k · p effective Hamiltonian

for large k, we use the FEM in the analysis of the dispersions. The result of the FEM

analysis produces a small but positive group velocity 0 < ∂ωflat/∂kx ≪ |vx| as

expected, providing an additional degree of freedom for the design of tilted PDCs.

For instance, we consider three cases P1,2,3 of deformation, class D in Fig. 3.4(a),

having ∆ωpya/2πc = +0.02, −0, 02, and +0.003 (Figs. 3.4e-g), respectively, while

preserving ∆ωpx = 0. As shown in Figs. 3.4e-g, the dispersion and type of the PDC

is then controlled by ∆ωpy, which determines the relative position of the flat-like

band frequency: below, above, or near the frequency ωs = ωpx ∼ 0.541 × 2πc/a for

points P1,2,3, respectively. The flat band for each point then intersects with different

dispersion bands having opposite slope ω±(kx) ≈ ωs ± |vxkx|: P1 for ω+ and P2,3

for ω−. Further, it is noted that these spectral relations follow the general classification

of the tilted PDCs: type I (∂ωflat/∂kx > 0, ∂ω−/∂kx < 0, Fig. 3.1b) for P1, type

II (∂ωflat/∂kx > 0, ∂ω+/∂kx > 0, Fig. 3.1c) for P2, and type III (∂ωflat/∂kx ∼ 0,

∂ω+/∂kx > 0, Fig. 3.1d) for P3. Further discussions on the control of the group

velocity ∂ωflat/∂kx [66] are given in Appendix A.5.

Furthermore, each type of achieved PDC leads to the different classes of the

topological transition in k-space [64, 67, 68] around the DPs: elliptic-to-elliptic (Fig.

3.4h), hyperbolic-to-hyperbolic (Fig. 3.4i), and asymmetric hyperbolic-to-hyperbolic

(Fig. 3.4j) transitions, respectively for types I-III. Thus, the successful design of all

types of PDCs in a single platform and the following tunable topological transition in

the momentum space are proved, importantly, in addition to significantly distinct IFCs
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at the Dirac frequency (single-point, two-line, and asymptotically single-line IFCs in

types I-III, respectively). we emphasize that the distinctive IFC of each Dirac cone is

determined by the separation of participating states [yellow, green, or blue colors in Figs.

3.4e-g); the type I and II each shows the ω-domain and k-domain separation of states,

respectively, while the type III presents the simultaneous separation both in k- and ω-

domains. Near these distinctive IFCs, a significantly different momentum distribution

around the original DP can be achieved even with the small frequency shift of the

flat band. Although the observed transition corresponds to the small-signal momentum

perturbation around the Dirac momentum state, when the time-reversal symmetry is

broken and thus the similar transition can occur at the Γ-point DP, the abrupt material

phase transition with positive (elliptic) to negative (hyperbolic) refraction can also be

realized with broken reciprocity.
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3.4 Bandgap opening in tilted PDCs

A bandgap opening at the DPs arises from the introduction of symmetry breaking,

which leads to anti-crossing of the degenerate bands, such as the inversion symmetry

in a honeycomb lattice [69,70] or a square lattice [48]. The transition from Dirac cones

with linear dispersions to bandgaps with parabolic dispersions has enabled various

practical applications in graphene switching devices [71] and tuning of the Purcell

factors [72]. In the proposed universal platform, we investigate the realization of a

bandgap opening in tilted PDCs by breaking the mirror symmetry of C2v. we impose

the following modification: δx,y(1± ρx,y) on the original perturbation for the type-III

PDC (Fig. 3.5b) to obtain new mirror-symmetry-broken perturbations (Figs. 3.5a-c),

where ρx,y allows the mirror-asymmetric potential in the unit cell. Due to the inherent

anisotropy of the tilted PDC, the response of the PDC to the mirror-symmetry-broken

modification is different for each case of ρx ̸= 0 and ρy ̸= 0. First, for |flat⟩ = |py⟩

and |±⟩ = cs |s⟩ ± cpx |px⟩ with arbitrary coefficients cs and cpx, the y-directional

symmetry breaking (ρy ̸= 0) for the original PDC (Fig. 3.5e) derives the anti-crossing

on the kx-axis (Fig. 3.5f) through the coupling between |py⟩ and |s⟩ of each band,

leading to the bandgap opening. However, the x-directional symmetry breaking almost

preserves the original PDC (Fig. 3.5d) due to the conservation of the orthogonality

between |py⟩ and |s⟩ (or |px⟩) (see Appendix A.6 for derivation).

3.5 Discussion

To summarize, we successfully designed all types of tilted PDCs in a single platform of a

square-lattice photonic crystal by developing Hamiltonian-based analysis in view of the

inversely designed spectral ordering. Specifically, we first classified the deformed band

structures of the triply degenerate PDC and then verified the inverse-design method for

the complete and deterministic design of optical structures. Through this process, the

design of type-I, type-II, and type-III PDCs on the kx-axis was achieved by exploiting
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Figure 3.5: Mirror symmetry breaking of PDCs. (a-c) The profiles of mirror-symmetry-
broken perturbations: (a,c) perturbation functions f(r) obtained with the asymmetry
parameters ρx or ρy for the mirror symmetry breaking of (b) the originalC2v-symmetric
perturbation function f(r). (d-f) Corresponding dispersion relations of the lowest two
bands for (a-c): (d,f) the variations of the dispersion relations with gradual increases
in ρx,y ≤ 1, from (e) the dispersion relations for the perturbation point Q in Fig. 3.4a.
The rectangle in (e) shows the magnified range for (d,f).

the nonzero slope of the flat band, achieving a tunable topological transition in the k-

space. The effect of mirror symmetry breaking in relation to bandgap opening was also

addressed for prospective applications. By extending our proposal to non-Hermitian

systems of larger design freedom [58, 59], we expect the realization of and transition

between different types of Fermi arcs in a single platform. Likewise, by exploiting

time-reversal symmetry breaking, our approach should be applicable to the design of a

tilted PDC with extreme nonreciprocity at the Γ-point, which derives the unidirectional

material phase transition around the zero index.
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Chapter 4

Engineered Scattering Responses in Spatial Domain

Resolving spatial and temporal complexities in wave-matter interactions is essential for

controlling the light behavior inside disordered and nonstationary systems and therefore

achieving high capacity devices. Although these complexities have usually been studied

separately, a few examples exploiting both degrees of freedom have derived intriguing

phenomena such as hyper-transport in evolving disorder and topological phenomena in

synthetic dimensions.

In this chapter, I introduce a published work [16] by coauthors (Seungkyun Park,

Prof. Sunkyu Yu, and Prof. Namkyoo Park) with permission (©John Wiley & Sons) on

engineering of active disorder—disordered structures with external modulation—by

employing deep neural networks. We develop a functional regressor and a material

evaluator that enable inverse design of active disorder with target wave responses and

evaluation of disordered structures according to the wave response controllability, re-

spectively. By machine engineering deep-subwavelength disorder including a phase

change material, We reveal functional disorder for light, which leads to angle-selective

or broadband digital switching. We also develop a generative configuration of the neural

network utilizing a single wave metric, which develops a family of disordered structures

with independent engineering of multiple wave properties, in contrast to the traditional

engineering of disorder with a specific order metric. Our approach establishes real-
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ization of reconfigurable devices by exploiting the spatiotemporal complexity in wave

mechanics.

4.1 Introduction

Understanding active systems—systems with signal flows dynamically tunable through

interactions with their environments—is one of the important challenges for developing

digital or analogue signal processing [73,74] and examining the complexity of dynamic

systems [75, 76]. The deterministic design of an active system is much more intricate

than that of a passive system because the relationship between a system alteration

and the following signal modulation is usually nonlinear [77], even chaotic [78], or

abrupt [79]. In wave mechanics, the evolution of multifaceted wave degrees of freedom

(frequency, canonical and angular momenta, and topology), even with a linear system

modulation, is known to be generally nonlinear except for in the regime of small

perturbations [80]. Furthermore, precise prediction or tailoring of active functionalities

in wave-matter interactions becomes even more challenging with material or structural

complexity, as shown in light flows in a disordered structure [3, 5]. For example, the

design of material perturbations for wave localization at a target position still remains

a challenge, although landscape theory describes the extended boundary for the spatial

emergence of localization [81, 82]. In this context, the development of a deterministic

method that allows handling of correlated and vast numbers of degrees of freedom in

active systems is strongly desired.

Recent advances in deep learning that have been applied to natural language pro-

cessing [83], computer vision [84], and regression [85] have also been extended to

physics problems, such as classical [86, 87] and quantum mechanics [88–90], fluid

dynamics [91], and photonics [92–108]. In these fields, the major focus is on the

extraction of the relationship between signals and systems [92–94]: the inference of

signal flows in a given system operating as instantaneous numerical solving of govern-

42



ing equations [91,95] or the construction of a system for a given signal flow operating

as an inverse design process [96–108]. These data-driven approaches provide salient

advantages over traditional numerical assessments in terms of extracting the nonlinear

relationship between large system degrees of freedom by employing numerous synap-

tic parameters and neural activations in a deep neural network (DNN). However, the

current approaches in this field still lack deep insights into active wave-matter inter-

actions. For example, deterministic control of the system robustness or precise design

of target functionalities in dynamic disordered systems have not been explored due

to the inherent difficulty of resolving entangled material and dynamic complexities in

wave-matter interactions.

In this chapter, we show DNN-based engineering of active disorder for digital pho-

tonics. Employing the analogy between disordered materials and complex networks [3]

and inspired by a study on target control of networks [75], we investigate the disor-

dered structure with a target activation region for modulation. The relationship between

disorder landscapes and actively controlled and tunable angular transmittances is then

analyzed with a functional regressor and a material evaluator, which are composed of

tandem DNN structures [90,96–98]. This DNN analysis enables deterministic design of

digital functional devices: angle-selective or broadband switching of light. By machine

learning the relationship between an order metric and the controllability of angular

responses, we suggest a wave-response-based classification of active disorder, which

subdivides the vague regimes in traditional, material-based classifications [4, 21]. Our

results provide a solution for handling the complex interactions among spatial disorder,

dynamic modulations, and wave responses, leading to extended design freedom for

digital photonics.
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4.2 Model definition

As an example of active light-matter interactions in a potential landscape of an arbi-

trary layout, we focus on the angular scattering response of a one-dimensional (1D)

disordered platform with an active layer. With large degrees of freedom for disorder,

the statistical relationship between disordered patterns and wave localization includes

both bulk and interface interference effects [109] violating effective medium theory

(EMT), which hinder the deterministic design of a 1D film even for the passive angular

response. The problem becomes even more complex when active modulation alters

the interference inside the system. Considering critical applications of this platform,

including transparent displays [110], organic light-emitting diodes (OLEDs) [111],

and spatial light modulators (SLMs) [112], we employ DNNs [113] for dual-spectral

optimization to address this problem.

44



c

...

...

...

...

...

...

R
2G

N
et

b

...

...

...

...

...

...

G
2R

N
et

T 89T 88T 0

...

T 1

T 17
9

T 17
8

T 90 T 91

η(
T)

s 0, 
s 1, 

s 2

Incident Angle θ 

Tr
an

sm
itt

an
ce

d
a

d 0 d 1

d 29 d 31 d 60

d G
ST... ...

Si
O2

 (n
L)

TiO
2 (

nH
)

x

y z

In
ci

de
nt

Tr
an

sm
itt

ed

c-
GS

T 

(n
c)

a-
GS

T 

(n
a)

θ

Fi
gu

re
4.

1:
A

ct
iv

e
di

so
rd

er
an

d
its

D
N

N
an

al
ys

is
.(

a)
Si

xt
y-

on
e-

la
ye

r
(S

iO
2
/T

iO
2
)

fil
m

in
cl

ud
in

g
th

e
co

re
G

ST
la

ye
r

w
ith

in
te

r-
ch

an
ge

ab
le

ph
as

es
(a

-G
ST

,c
-G

ST
).

(b
,c

)
Sc

he
m

at
ic

s
of

th
e

fu
lly

co
nn

ec
te

d
(b

)
fo

rw
ar

d
(G

2R
N

et
)

an
d

(c
)

ba
ck

w
ar

d
(R

2G
N

et
)

D
N

N
s,

m
ap

pi
ng

th
e

(a
)g

eo
m

et
ric

al
da

ta
d
=

[d
0
,d

1
,·
··
,d

6
0
]
an

d
(d

)o
pt

ic
al

-r
es

po
ns

e
da

ta
T

=
[ T

(a
) ,
T

(c
)] .d

l
is

th
e

th
ic

kn
es

s
of

th
e
lth

la
ye

r(
0
≤
l
<

61
),

w
ith

d
3
0
=
d
G
S
T

.d
l
(l
̸=

30
)h

as
a

va
lu

e
be

tw
ee

n
2

nm
an

d
19

8
nm

,w
hi

le
th

e
G

ST
la

ye
rt

hi
ck

ne
ss

is
fix

ed
at
d
3
0
=
d
G
S
T
=

1µ
m

.T
he

st
ru

ct
ur

e
is

ill
um

in
at

ed
w

ith
aT

E-
po

la
riz

ed
in

ci
de

nt
w

av
ea

ta
ng

le
θ.

Th
er

ef
ra

ct
iv

ei
nd

ic
es

of
ea

ch
m

ed
iu

m
ar

e
n
L
=

1.
43

an
d
n
H
=

2
.3
9

fo
rS

iO
2

an
d

Ti
O
2
,r

es
pe

ct
iv

el
y

[7
,8

],
an

d
n
a
=

3.
96

an
d
n
c
=

5
.8
8

fo
ra

-G
ST

an
d

c-
G

ST
,

re
sp

ec
tiv

el
y

[9
].

Tm
is

m
ea

su
re

d
in

th
e

ra
ng

e
of

0
≤
θ
<
π
/2

fo
rb

ot
h

G
ST

ph
as

es
(a

-G
ST

,0
≤
m
<

9
0
;c

-G
ST

,9
0
≤
m
<

1
8
0
).

B
la

ck
,o

ra
ng

e,
an

d
gr

ee
n

ne
ur

on
s

re
pr

es
en

ti
np

ut
,h

id
de

n,
an

d
ou

tp
ut

la
ye

rs
,r

es
pe

ct
iv

el
y.
η
(T

)
is

th
e

co
nt

ro
lla

bi
lit

y
of

th
e

op
tic

al
tra

ns
m

itt
an

ce
s.

Th
e

pr
ed

ic
tio

n
of

an
d

in
ve

rs
e

de
si

gn
fr

om
th

e
co

nt
ro

lla
bi

lit
y

w
ith

η
ar

e
de

pi
ct

ed
by

ye
llo

w
ar

ro
w

s
in

st
ea

d
of

bl
ac

k
ar

ro
w

s.
s
=

[s
0
,s

1
,s

2
]
is

th
e

au
xi

lia
ry

ra
nd

om
se

ed
in

pu
td

is
cu

ss
ed

la
te

r.

45



As an example platform, we consider a SiO2-TiO2 multilayer disordered structure

with the core layer substituted by the phase change material Ge2Sb2Te5 (GST). The

detailed structure is shown in Fig. 4.1a with its layer thicknesses d = [d0, d1, · · · , d60].

Under transverse electric (TE)-polarized incidence of wavelength λ0 = 2500nm, we

examine the active control of the optical angular transmittance through the disordered

structure by employing the phase change of the GST material (a-GST and c-GST

for amorphous and crystalline phases, respectively [114]) in the core layer. The wave

response of active disorder is quantified in the form of dual angular spectra for each

GST phase: T =
[
T(a),T(c)

]
, where the components of each vector T (a,c)

m are the

transmittances at a discretized incident angle between 0◦ and 90◦ (Fig. 4.1d). The main

problem then becomes the extraction of the relationship between a set of structural

parameters d and the dual-spectral angular responses T while the GST layer provides

a fixed modulation to the disordered platform. The data for the DNNs are obtained

through the transfer matrix method (TMM) as ground truth (see Appendix D.3).

4.3 DNN as a functional regressor

One of the major hurdles in the DNN inference of the relationship between light and

matter is the one-to-many correspondence between a wave response and photonic struc-

tures. This issue is critical not only in guaranteeing stability during the DNN training

but also in covering a wider design space in the inverse design of photonic struc-

tures from the target optical response. In resolving the one-to-many correspondence

in deep-learning photonics, two related methodologies have been proposed according

to the covered range of the design space [93]. Firstly, by using pre-trained DNNs for

the inference of wave behaviors, the construction of the tandem inverse-design net-

works [90, 96–98] or the secondary learning of input photonic structures [107] have

been proposed. With stable and efficient learning of DNNs, those methods allow for

the coverage of a part of the complete design space. On the other hand, more complex
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network architectures with intensive training processes have also been studied to extract

multiple branches of the photonic structures for the target optical response, as demon-

strated with mixture-density DNNs [105, 106], multi-branch DNNs [108], and deep

generative models [99–101]. In this Section, to efficiently find a photonic structure for

the target active functionality, we employ the tandem network with pre-trained forward

DNNs [96].

For this goal, we construct fully connected DNNs mapping the structural parameter

space to the angular response space (Geometry-to-Response, G2RNet) and vice versa

(Response-to-Geometry, R2GNet; see Appendices B.1 and B.2 for details of the DNNs).

We first train G2RNet for the prediction of optical responses by employing randomly

generated structures and their TMM-calculated responses as input and output datasets,

respectively. The cost function for the ON-OFF dual-spectral optimization is defined

by the mean squared error (MSE) loss over T:

L =
1

180

179∑
m=0

∣∣∣T̂m − Tm

∣∣∣2, (4.1)

where T̂m and Tm are the G2RNet-predicted and ground-truth transmittances, respec-

tively. The G2RNet-based prediction allows for higher computation speed and therefore

handling of huge datasets (total of 2× 106 realizations).

We employ the pretrained G2RNet to obtain expected optical responses from the

geometry output of R2GNet. The MSE cost function that compares these responses

with TMM-calculated optical responses then allows stable optimization of R2GNet,

resolving the one-to-many correspondence issue between an optical response and the

geometry [90, 96]. After the training, we can extract the inversely designed realization

dl at the intermediate layer of cascaded R2GNet-G2RNet for a given target response.

After training the G2RNet and R2GNet, we verify the results with the test dataset.

Same as the training dataset (see Appendix B.2), the test set is also partitioned into the

subclasses I-IV according to the maximum allowed value of dl (Table 1). As shown in
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d j
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Figure 4.2: Inference by trained DNNs: (a-f) G2RNet and (g-l) R2GNet. Each realiza-
tion of the (a,g) subclass I, (b,h) subclass II, (c,i) subclass III, (d,j) subclass IV, (e,k)
subclass V, and (f,l) subclass VI. The solid lines and symbols denote the ground truth
and DNN results, respectively. Red and blue color denote the responses for a-GST and
c-GST phases.

Table 1, both DNNs provide the excellent agreements with the ground truth, achieving

the MSE ∼ 5.69× 10−4 for the G2RNet and 1.69× 10−3 for the R2GNet (see Figures

2a-f for each subclass realization of the G2RNet and Figures 2g-l for each subclass

realization of the R2GNet).

We demonstrate two examples of target active functionalities defined for the an-

gular response. Both examples correspond to data-driven extraction of the nonlinear

relationship between the sets of ∼ 102 variables (d and T), which include the inter-

ferences of multiple scatterings altered by the GST phase transition. The first example

is active control of highly selective angular filtering, which is a critical functionality

for SLMs, holography, and privacy films. We model the selectivity of target responses
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with the Lorentzian line shape:

T (a,c)(θ) =

[
1 + 4

(
θ − θ(a,c)

θFWHM

)]−1

(4.2)

whereT (a) andT (c)) correspond to the angular transmittances for the a-GST and c-GST

phases with angular peaks θa = 30◦ and θc = 60◦, respectively, and θFWHM = 12◦

defines the angular selectivity with the full width at half maximum (FWHM, Fig. 4.3a).

The trained DNNs successfully lead to the target angle-selective filter and its digital

switching operation with the designed structural parameters (Fig. 4.3b). The TMM-

calculated “true” responses (symbols in Fig. 4.3a) and the 2D TMM simulation (Fig.

4.3c,d) verify that the designed realization operates well for active tuning between a-

and c-GST phases; for point-source-like incidence, only a narrow range of angular

components is transmitted near the target angle (30◦ and 60◦ for a- and c-GST).

Notably, R2GNet provides systematic inverse design of active switching, in sharp

contrast to previous approaches [115–118]: analytical methods [115, 116] that are

restricted to the approximation of simplified platforms or heuristic approaches with

numerical methods [117,118] that are separately developed for each specific platform.

We emphasize that this deterministic handling of active responses is enabled by the

ON-OFF dual-spectral optimization of G2RNet and R2GNet.

The second example is a counterpart of the first one in terms of spectral richness:

Table 4.1: MSEs of the G2RNet and R2GNet for test datasets

Data set # Samples dl range (nm) G2RNet (10−4) R2GNet (10−4)
I 833 (2, 98) 1.54 15.15
II 833 (2, 118) 2.38 39.30
III 834 (2, 138) 2.63 12.33
IV 834 (2, 158) 4.57 10.44
V 833 (2, 178) 7.25 11.06
VI 833 (2, 198) 15.77 13.07
Overall 5,000 (2, 198) 5.69 16.89
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a

b

c d g h

e

f

Figure 4.3: DNN functional regressor. (a-d) Angle-selective and (e-h) broadband active
switching devices. (a,e) Target responses (solid lines) and DNN results (symbols,
marked every 2◦) for active responses of both functionalities: blue and red for a-
GST and c-GST responses, respectively. θa,c: target angles for selective transparency,
θFWHM: target broadening, Ta,c: target transmission levels, and θoff : cutoff angle. (b,f)
Corresponding disordered structures (navy, yellow, and green bars for SiO2, TiO2, and
GST layers, respectively) inversely designed from the target responses by R2GNet.
(c,d,g,h) 2D intensity profiles |Ez|2 for both phases of designed devices: (c,g) a-GST
and (d,h) c-GST. The red lines in (c,d) indicate the contour for the half maximum of
the intensity in the transmission part.

full broadband switching with an extreme modulation depth, which enables switching

between completely transparent and opaque films independent of incident angle. The
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target transmission response is modelled by the flat function with high θ suppression:

T (a,c)(θ) =


Ta,c, θ < θoff

Ta,c(90◦−θ)(θ−2θoff+90◦)
(90◦−θoff)2

, θ ≥ θoff

(4.3)

where Ta = 0.85 and Tc = 0.1 are the target transmittance levels for the a-GST and c-

GST phases, respectively, and θoff = 75◦ denotes the assigned cutoff angle for physical

validity near the angular limit θ → 90◦. Using R2GNet, we achieve the target response

(Fig. 4.3e) with the designed parameters (Fig. 4.3f), leading to nearly complete trans-

parency and opaqueness for the point-source-like incidence (Figs. 4.3g,h and Appendix

B.3 for details). While this functionality is a critical feature for transparent displays and

tunable backlight in liquid crystal displays, it is unachievable in crystals with inherent

anisotropy and in uncorrelated disordered systems with suppressed transport but is en-

abled by machine engineering of disordered platforms. We conduct extended analysis

for the comparison of the TMM results with the results from the finite element method

(see Appendix B.4) and for the regressor model performance for different performance

metrics and target parameters (see Appendix B.5).

4.4 DNN as a material evaluator

Having achieved inverse design of the platform for dynamic designer responses, we

further extend our study to reveal the mechanism underlying light-matter interactions

in machine-engineered active disorder, for example, the introduction of a family of

disorder classified by its controllability. Despite recent efforts to classify disordered

materials [4], such classifications according to various order metrics usually do not fully

guarantee the expected wave properties and a successful inverse design procedure due to

the nonlinear relationship between structural information and multiple interrelated wave

properties [3]. Notably, in terms of active devices, such properties need to include the

responsivity to active modulation, for example, the dynamic change in wave properties
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induced by the modulation of disordered materials. For this purpose, we introduce

a single parameter that enables the measuring of wave properties related to active

modulation, the “controllability metric”:

η ≡

[
1

90

89∑
m=0

∣∣∣T (a)
m − T (c)

m

∣∣∣]−1

(4.4)

which is the wave counterpart of an order metric for disordered materials. This con-

trollability metric η quantifies the efficiency in controlling the transmittance through a

sample according to the material transition between the GST states: η = 0 for perfectly

modulation-immune platforms and η = 1 for the complete transition between omnidi-

rectional transparent and opaque states. As a bridge to traditional studies on disordered

materials [4], we then try to examine the relationship between a proper order metric and

the controllability metric η as a criterion for the evaluation of the degree of disorder in

terms of its active wave properties.

Because the method employed in Sec. 4.3 allows only the coverage of a part of

the entire design space, it is necessary to expand the covered design space in order to

statistically examine the material properties of a family of disordered structures for a

given η. For this purpose, we modify the DNN in Fig. 4.1 to have 1 informative and 3

auxiliary inputs instead of using the multidimensional space for the discretized angular

responses T. First, a single controllability metric η is employed as the output for the

modified G2RNet (mG2RNet) and the input for the modified R2GNet (mR2GNet),

as shown in Figs. 4.1b,c (yellow arrows). Most importantly, we newly introduce the

three-dimensional seed s = [s0, s1, s2] as an auxiliary input for the mR2GNet, where

each s0−2 has a random value between 0 and 1 with a uniform random distribution. We

conduct mR2GNet training using expected optical responses obtained from mG2RNet,

following the same process as in Fig. 4.1. When successfully training the mR2GNet

with ground-truth responses (η for d) and random seeds (s), the network constructs

the one-to-one correspondence between (η, s) and d, which naturally leads to the
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e f g

h i j

a DesignsSeeds

mR2GNet d(1)

d(3)

d(2)

(η, s(3))

(η, s(2))

(η, s(1))

Figure 4.4: DNN material evaluator. (a) A schematic of the function of the mR2GNet
expanding the design space. The multiple outputs d(n) having the identical target con-
trollability η are obtained through the mR2GNet with different random seeds s(n),
which is selected from the space (colored boxes) with the uniform random distribution.
(b-j) Inverse design examples with target controllability metrics. (b-d) Ensemble dis-
tributions of optical phase evolution nldl in each layer of the designed structures. (e-g)
Statistical distributions of optical phase evolution nldl. (h-j) Corresponding angular
responses for different GST phases (solid lines, blue for a-GST and red for c-GST),
and ensemble-averaged results from the averaged structural parameters 〈d〉 (dashed
lines). (b,e,h) η = 0.05; (c,f,i) η = 0.3; (d,g,j) η = 0.6. We plot an ensemble of 1,000
realizations for (b-g) and an ensemble of 100 realizations for (h-j) for visibility. All
other parameters are the same as those in Fig. 4.3.
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one-to-many correspondence between η and d due to diverse values of s (Fig. 4.4a).

Therefore, as similar to multi-branch DNNs [108] or deep generative models [99–101],

the suggested mR2GNet allows the extraction of multiple branches of the photonic

structures for the target controllability η, which realizes a family of active disorder

for a given η. Notably, when compared with multi-branch DNNs [108], our approach

is especially proper to the problems in disordered photonics, because the continuous

profile of s is proper to handle disordered materials, which are quantified by continuous

perturbation values, not by quantized values. In Appendix B.6, we study the evolution of

the structural statistics and η accuracy with the trained mR2GNet, which demonstrates

the physical validity of mR2GNet in terms of continuous phase transition in the range

of 0.05 ≤ η ≤ 0.6.

Figs. 4.4b-j show an example of generating a family of active disorder: the ensem-

bles of three different controllability metrics η = 0.05, 0.3, and 0.6, which are obtained

with multiple combinations of random seeds (see Appendix B.6 for the validity of

the material evaluator). Although we can assume hypothetically infinite pairs (a- and

c-GST) of angular transmittances for a given η, mR2GNet filters the subsets of physi-

cally allowed optical responses with the structural variety of a family of active disorder

(Figs. 4.4b-d). Notably, each material phase defined by η supports distinctive statistics

for both structural (Figs. 4.4e-g) and optical (Figs. 4.4h-j) realizations. We further study

the field profiles and perform a comparison with EMT (see Appendix B.7), showing

that mR2GNet enables efficient inverse design in the deep-subwavelength regime that

violates EMT.

We examine the structural and wave properties of active disorder in different

regimes, clarifying the uniqueness of each regime. In line with the broad angular

responses (Figs. 4.4h,j), robust (η = 0.05, Fig. 4.4b) or sensitive (η = 0.6, Fig.

4.4d) active disorder possesses more randomized structures than intermediate disorder

(η = 0.3, Fig. 4.4c). Although highly randomized structures (Figs. 4.4b,d) and their

statistics (Figs. 4.4e,g) appear similar at a glance, the DNN-based design of distinctive
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patterns results in completely contrasting wave dynamics: the “hiding” of the GST

core layer (Fig. 4.4h) or almost “omnidirectional” switching (Fig. 4.4j) by disordered

multilayer claddings. As shown by each error bar height in Figs. 4.4b-d, the realization

number of physically acceptable high-controllability responses (η = 0.6, Fig. 4.4d) is

limited compared to that of low-controllability cases (Figs. 4.4b,c) because the possible

spectra for high η are inevitably limited.

In the intermediate regime (Fig. 4.4c), the structures are close to the deformation

of a crystalline profile rather than to uncorrelated disorder, possessing Gaussian-like

structural statistics with narrow deviations (Fig. 4.4f). This set of structures leads to

various candidates for an angle-selective switching operation (Fig. 4.4i), which is in

line with previous studies on the relationship between crystals and their narrow angular

responses [?]. Overall, the demonstrated grouping of various candidates of disorder by

η provides a novel material evaluation based on wave responses.

4.5 Engineered active disorder

Compared with the traditional view on disordered photonics—classifying disordered

structures based on order metrics and then examining the wave behaviors in each class

of disorder—our data-driven approach in Fig. 4.4 provides a distinctive viewpoint on

light-disorder interactions, which originates from the classification of “wave behav-

ior”. To characterize the wave behavior, we utilize two parameters: the angle-averaged

transmittance and the controllability metric η, which evaluate the average and modu-

lation depth of the transparency of a sample, respectively. The structural property of a

material is quantified by the translational order metric τ defined in Refs [4, 21], which

tends to increase from τ = 0 to τ = τc when the material microstructure changes from

uncorrelated disorder to crystalline order (see the B.8 for the definition of τ and the

setting of τc).

Fig. 4.5a shows the 3D plot of the relationship among Tavg, τ , and η obtained from
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the inverse design with a given η. The extension of the design space in the mR2GNet

is demonstrated allows for the handling of the order metric τ from 0 to ∼ 0.5τc,

achieving the one-to-many correspondence between a wave property (η) and material

profiles (τ ). The result also clarifies the evolution of the average transparency and its

tunability with respect to the degree of disorder. As predicted in Fig. 4.4 and per the

traditional understanding of the relationship between angular responses and disorder

strength [119], highly tunable (η ∼ 0.6) or highly robust (η ∼ 0.0) structures that

possess broadband responses (Figs. 4.4c,i) are obtained with strong disorder (τ ∼ 0).

Furthermore, more intriguing phenomena are observed in the intermediate regime:

η ∼ 0.3, which includes the angle-selective digital switching platforms in Fig. 4.3a. In

this regime, there are large degrees of freedom in the transparency Tavg because there

could exist multiple pairs of ON-OFF angular profiles with the same tunability. Even

at almost the same Tavg, a number of disorder realizations are therefore obtained with

different values of τ . The DNN-based design in this case then discovers a new grouping

of disordered structures not by structural metrics but by similar optical responses. This

result also confirms that the traditional method for designing disorder—the inverse

design of materials from τ—cannot pave a direct route to wave responses such as

η or Tavg. In this context, our application of DNNs provides a clue to resolving the

multidimensional complexity in the field of “engineered disorder” [3].

Successfully classifying disordered structures by their controllability η, a natural

question then arises in terms of the inverse design process: “can we control other wave

or matter quantities while preserving the target optical response (here, η)?”, which is a

core concept of engineered disorder [3]. The key parameter for this question is assessed

with the 3D random seed input s = [s0, s1, s2] to the mR2GNet. Each s generates a

specific realization of an ensemble of disordered structures, which constitute a group

of materials classified by η. For this group of materials, we examine the effect of the

seed s on the other optical response (Tavg) and order metric (τ ) to bridge the machine

learning classification and traditional theory of disordered photonics.
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Uncorrelated
disorder
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a

b

Figure 4.5: Engineered active disorder. (a) Distribution of the designed realizations in
the 3D parameter space defined by the angle-averaged transmittance Tavg, translational
order metric τ , and obtained controllability metric η. The target controllability η is
represented by gradual colours. (b) 2D (Tavg, τ ) projections of the data points with the
target η = 0.3 (the transparent window in a). Left and right panels are coloured for
differently optimized functions of random seeds: c(T )

opt ·q(s) and c
(τ)
opt ·q(s) with respect

to Tavg and τ , respectively. All other parameters are the same as those in Fig. 4.3.

Considering 0 ≤ sr ≤ 1 for r = 0, 1, 2, we examine the influence of s up to its

second-order contributions by defining q(s) =
[
s0, s1, s2, s0s1, s1s2, s2s0, s

2
0, s

2
1, s

2
2

]
.

If we can derive the relationship X ≈ c(X) · q(s) for a given η, where X = Tavg or τ ,

then deterministic handling of optical (Tavg) or structural (τ ) responses will be allowed

by obtaining a group of s from X ≈ c(X) · q(s). Focusing on the case of η = 0.3, we

therefore optimize c(X) = c
(X)
opt with an ensemble of the results from mR2GNet (Fig.
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4.5a) to maximize the correlation between f(s; c) = c(X) ·q(s) andX (see Appendix

B.9 for details of the optimization). Notably, c(X)
opt describes the contribution of each

element of q(s) to the mR2GNet inference of Tavg or τ .

Figs. 4.5b,c show the maps of the optimized representation f(s; c) = c(X) · q(s)

for X = Tavg and X = τ , providing strong positive (Fig. 4.5b) or negative (Fig. 4.5c)

correlations of Tavg or τ with f(s; c = c
(X)
opt ), respectively. The optimized correlations

ρf,T and ρf,τ between the function f and the engineered responses have absolute values

up to 0.93 and 0.63, respectively, leading to excellent matching to wave (Tavg) and matter

(τ ) quantities. We note that even a linear representation withq(s) = [s0, s1, s2] provides

a reasonable approximation of these quantities (see Appendix B.9), demonstrating the

distinct contribution of s elements to each wave/matter response from the mR2GNet

design.

4.6 Discussion

To summarize, we employed the strength of machine learning approaches in the en-

gineering of active disorder. Two different configurations of DNNs are applied to

realize a specific disordered platform and a family of disordered structures. First, we

demonstrated inverse design of disorder with a target functionality for an angular trans-

mittance example. The results include practical applications such as angle-selective and

broadband switching devices. Second, the evaluation and engineering of the degree of

disorder in terms of controllability was demonstrated using the DNNs with random

seeds. This approach based on a single target parameter (here, the controllability metric)

discovers a family of disordered structures that allows independent control of multiple

wave properties.

We note that the evaluation of active disorder according to the controllability

provides a novel viewpoint on understanding the microstructures of materials in terms

of wave responses. The classes of materials defined by different values of η, which had
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been included in the same class for the traditional order metric τ , provide significantly

distinct active responses. As shown in the large-η design, the responses include global

control of the entire system with a local manipulation (here, the GST layer) analogous

to the hub modulation in scale-free networks [120]. From this viewpoint, the small-η

design robust to GST modulation corresponds to disconnection of the links to the GST

layer through destructive interference.

Our machine learning inverse design provides clear advantages in terms of han-

dling spatial and temporal complexities compared with previous design strategies. For

example, although numerous studies have been performed on 1D disorder in the context

of diagonal [121] and off-diagonal [122] disorder, crystalline [123] or disordered [109]

subwavelength structures, and correlated disorder [124, 125], all of these works have

employed stationary structures, lacking active control of optical responses. Previous

studies on active photonic devices have also been restricted to the modulation of ordered

structures of small perturbations [126–129].

In addition to intriguing works in deep-learning photonics, including the design

of nanostructures [94, 95, 101], metamaterials [97, 99, 100] and metasurfaces [103],

holography [102], our study on active photonic functionalities in disordered platforms

will provide additional degrees of freedom in the application of deep-learning to light-

matter interactions, paving the way to the handling of spatially-complex and dynamical

systems. Although we examined one of the optical responses as an example—angular

transmittance—the versatile features of the DNNs will enable engineering of not only

the other responses (spectral responses, angular momenta, topology) but also their

mixtures: the design of active disorder in the intermediate regime [3], temporal disorder

[130], and disordered topological phenomena [79]. As shown in the analogy between

GST-controlled disorder and target control of complex networks [75], our machine

learning strategy can also be extended to other fields beyond wave mechanics, such as

the interpretation and design of evolving complex networks.
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Chapter 5

Engineered Scattering Responses in Time Domain

The temporal degree of freedom in photonics has been a recent research hotspot due to

its analogy with spatial axes, causality, and open-system characteristics. In particular,

the temporal analogs of photonic crystals have stimulated the design of momentum

gaps and their extension to topological and non-Hermitian photonics. Although recent

studies have also revealed the effect of broken discrete time-translational symmetry in

view of the temporal analogy of spatial Anderson localization, the broad intermediate

regime between time order and time uncorrelated disorder has not been examined.

In this chapter, I introduce the preprint version of a work [17] by coauthors (Dayeong

Lee, Prof. Sunkyu Yu, and Prof. Namkyoo Park): investigating the inverse design of

photonic time disorder to achieve optical functionalities in spatially homogeneous

platforms. By developing the structure factor and order metric using causal Green’s

functions for the domain of time disorder, we demonstrate an engineered time scatterer,

which provides unidirectional scattering with controlled scattering amplitudes. We

also reveal that the order-to-disorder transition in the time domain allows for the

manipulation of scattering bandwidths, which inspires resonance-free temporal color

filtering. Our work will pave the way for advancing optical functionalities without

spatial patterning.
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5.1 Introduction

Associating temporal and spatial axes has enriched the perspective on manipulat-

ing wave phenomena. Owing to the space-time analogy between the electromagnetic

paraxial equation and the Schrödinger equation, the temporal axis can be considered

an alternative or auxiliary axis to the spatial dimension. This similarity between tem-

poral and spatial axes has established the fields of quantum-optical analogy [131],

non-Hermitian [132], topological [133, 134], and supersymmetric [135, 136] photon-

ics, and universal linear optics [137]. On the other hand, the uniqueness of a temporal

axis has also been a recent research focus for achieving distinct design freedom [6,138]

from spatial ones, such as the control of translational, rotational, or mirror symme-

tries. For example, the broken time-translational symmetry results in dynamical wave

responses, which require the open-system configurations: energy or matter exchange

with the system environment. In this context, dynamical wave devices with optical

nonlinearity [139, 140] or non-Markovian processes [141] require the design strategy

to appropriately break the time-translational symmetry. Furthermore, causality leads to

unique scattering distinct from its spatial counterpart, completely blocking backscat-

tering along the temporal axis [23].

Recent studies utilizing temporal degrees of freedom have thus focused on ex-

ploiting similarities and differences between temporal and spatial axes. The discrete

time-translational symmetry in photonic temporal crystals (PTCs) [142,143] has been

examined as a temporal analogy of photonic crystals, revealing the unique phenom-

ena along the temporal axis, such as momentum bandgaps and the localized temporal

peak due to the Zak phase. The concept of disordered photonics has also been ex-

tended to the temporal axis, such as observing the statistical amplification and the

scaling of Anderson localization in uncorrelated disorder [130, 144]. Various wave

physics, such as amplification and lasing [145, 146], effective medium theory [147],

Snell’s law [23], spectral funneling [148], supersymmetry [149], parity-time symme-

61



try [150], nonreciprocity [151], and metamaterials [152–155], have also revealed the

unique features and applications of the temporal axis inspired by its spatial counter-

parts. Nonetheless, these intriguing achievements cover only the partial regimes in

microstructural statistics of temporal modulations, such as order with conserved sym-

metries [142,143,145,146,149,150,156] and their breaking with finite defects [23,151]

or perturbations without any correlations [130, 144]. When considering abundant de-

grees of freedom in material microstructures [3], further attention to the intermediate

regime between order and uncorrelated disorder for the temporal axis is mandatory.

In this chapter, we propose the concept of engineered time disorder, which allows for

the designed manipulation of light scattering. Starting from the theoretical framework

foranalyzingg spatial disorder, we build its temporal analog by incorporating causality

in the time axis, which allows for examining the relationship between the time structure

factor, time-translational order metric, and wave scattering. We demonstrate that the

molding of the structure factor enables the completely independent engineering of for-

ward and backward scattering. By investigating the order-to-disorder transition in the

temporal modulation of the system, we also enable bandwidth engineering of unidirec-

tional scatterings, such as time disorder for broadband scattering and resonance-free

color filtering. Our result verifies the spatial-pattern-free design of conventional op-

tical functionalities and represents a great advantage of time disorder in bandwidth

engineering with respect to temporal crystals.

5.2 Temporal scattering

Consider a nonmagnetic, isotropic, and spatially homogeneous optical material having

the time-modulated relative permittivity ϵ(t). For the x-polarized planewave of the

displacement field D(r, t) = x̂ψ(t)eikz , where k is the wavenumber, the governing

equation is6,14,16: [
d2

dt2
+
c2k2

ϵ(t)

]
ψ(t) = 0 (5.1)
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where c is the speed of light. Becausek is conserved according to the spatial translational

symmetry, Eq. (5.1) is the temporal analogy of the one-dimensional (1D) Helmholtz

equation for spatially varying materials, exhibiting space-time duality28 by imposing

the role of the optical potential on [ϵ(t)]−1. To investigate the regime of weak scatter-

ing, we express the real-valued optical potential as α(t) ≡ ϵ−1(t) = αb[1 + ∆α(t)],

where αb is the potential at t → ±∞. With the assumption of weak perturbation

during a finite temporal range, the time-varying component αb∆α(t) becomes anal-

ogous to the weakly perturbed permittivity in spatial-domain problems1. Notably,

as those time-varying systems are open systems, the energy provided by the envi-

ronment Pin(t) = du0EM
/
dt results in the nonconservative EM field energy14,16

u0EM(t) = [E∗(t) ·D(t) +H∗(t) ·B(t)]/4.

For a given temporal variation of the system, we employ the harmonic incidence

ψinc(t) = exp (−iωbt), where ωb = α
1/2
b kc is the optical (incident) frequency at t→

±∞ for a wavelength of interest λ0 = 2π/k. Under the first-order Born approximation

[157] with |∆α(t)| ≪ 1, the time-domain scattering field ψsca(t) becomes:

ψsca ≈ −ω2
b

∫ ∞

−∞
dt′∆α(t′)ψinc(t

′)G(t; t′) (5.2)

where G(t; t′) is the Green’s function for the impulse response of the temporal delta

function scatterer δ(t− t′) (see Appendix C.1).

Although Eq. (5.2) is identical to the 1D scattering problem in the spatial domain31,

the uniqueness of the time-varying material is in selecting the mathematical form of

the Green’s function among several candidates: the Feynman, retarded, and advanced

propagators [158]. Due to the unidirectional flow of time, the temporal Green’s function

satisfies causality: G(t; t′) = 0 for t < t′. To fulfil the temporal boundary conditions

for the displacement field and magnetic field [6, 142] at t = t′, the analytical form of

the retarded Green’s function for the temporal impulse becomes (Fig. 5.1a, see also
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Figure 5.1: Concept of temporal scattering as open-system responses. (a,b) Schemat-
ics of temporal and spatial Green’s functions: (a) Re

[
G(t; t′)e+ikz

]
and (b)

Re
[
G(z; z′)e−iωt

]
. Shaded lines in (a,b) indicate the evolution of each Green’s func-

tion. (c) Schematic of system modulation by signal power Pin(t) from the environment,
representing the system gain and loss for positive and negative Pin, respectively. (d)
Energy alteration from light-matter interactions with the time disorder driven by Pin(t)

in (c). ϵ(t) (grey area) and u0EM(t) (purple line) are the time-varying permittivity con-
fined inside the temporal range [0, T ] and the instantaneous electromagnetic energy
density, respectively.

Appendix C.2):

G(t; t′) =
1

ωb
sin

[
ωb(t− t′)

]
Θ(t− t′), (5.3)

where Θ(t − t′) is the Heaviside step function of Θ(t > 0) = 1 and Θ(t ≤ 0) = 0

(see Appendix C.3 for numerical validitation of the Born approximation). The Green’s

function in Eq. (5.3) can be separated into G(t; t′) = GFW(t; t′) + GBW(t; t′) for

GFW,BW(t; t′) = ± exp [±iωb(t− t′)]Θ(t − t′)/(2iωb), where each sign of ±ωb

determines the propagation direction with the conserved k.

We emphasize that causality imposes the uniqueness on the temporal Green’s
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function, i.e., the coexistence of the forward (or transmitted) and backward (or reflected)

waves in t > t′ (Fig. 5.1a). Such a mathematical form of G(t; t′) is in sharp contrast to

the spatial Green’s function G(z; z′) ∼ exp (ik|z − z′|), which exhibits the separate

existence of the forward (e+ik(z−z′)) and backward (e−ik(z−z′)) waves in z > z′ and

z ≤ z′, respectively (Fig. 5.1b). This uniqueness emphasizes the open-system nature

of time-varying systems, despite the fact that the governing equation of Eq. (5.1) is

mathematically analogous to the spatial one. When an external modulation to the system

is applied by a time-varying signal power Pin (Fig. 5.1c), the unique form of the causal

Green’s function in a time-varying system—interfering forward and backward basis

(Fig. 5.1a)—breaks the conservation of the electromagnetic energy inside the system

(Fig. 5.1d). In this context, the independent control of forward and backward scattering

in temporally random heterogeneous materials compels a design strategy distinct from

their spatial counterparts.

From Eqs. (5.2) and (5.3), the scattering field becomes (see Appendix C.1):

ψsca(t) =
ω

2i

[
e−iωbt

∫ ∞

−∞
dt′∆α(t′)− e+iωbt

∫ ∞

−∞
dt′e−2iωbt

′
∆α(t′)

]
. (5.4)

Although the thermodynamic limit is an ideal criterion to characterize the statistical

features of wave-matter interactions in disordered systems [159], the nonconservative

optical energy (Fig. 5.1d) may cause unphysical results, such as the divergence of the

energy in momentum gaps [130, 143]. Therefore, we assume a finite-range temporal

variation ∆α(t) with ∆α(t < 0) = ∆α(t > T ) = 0 in examining Eq. (5.4). We

also employ the ergodic hypothesis, i.e., the statistical equivalence between the average

over all realizations and the average over one statistically homogeneous realization,

where a correlation depends only on the time difference, at the thermodynamic limit

[159]. The ergodicity allows for the homogeneous correlation function Ĉ(t1, t2) ≡

⟨∆α∗(t1)∆α(t2)⟩ = C(∆t) for 0 ≤ t1,2 ≤ T and ∆t = t1 − t2, where ⟨·⟩ denotes

the ensemble average. We separate the ensemble-averaged scattering power after the

temporal perturbation (t > T ) into the forward (〈PFW〉) and backward (〈PBW〉) waves
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(see Appendix C.1) as:

⟨PFW⟩ =
ω2
b

4

∫ T

0
dt′1

∫ T

0
dt′2C(t

′
1 − t′2),

⟨PBW⟩ =
ω2
b

4

∫ T

0
dt′1

∫ T

0
dt′2C(t

′
1 − t′2)e

2iωb(t
′
1−t′2). (5.5)

With a sufficiently broad temporal range, each power approaches the Fourier trans-

form of C(∆t) (S(ω) = F [C(∆t)] where F denotes the Fourier transform. Also, see

Appendix C.1), as follows:

⟨PFW⟩ ≈
ω2
bT

4
S(0), ⟨PBW⟩ ≈

ω2
bT

4
S(2ωb) (5.6)

where we define S(ω) as the “time structure factor” governing scattering from temporal

disorder, i.e., the temporal counterpart of the static structure factor [4,159]. It is worth

mentioning that S(ω) is the power spectral density of the signal that determines the

time-varying perturbation of an optical potential. While Eq. (5.6) allows for engineering

forward and backward scatterings, we note that the condition of suppressing the forward

wave ⟨PFW⟩ ≈ 0 directly corresponds to the time-domain realization of the concept

of hyperuniformity [3–5, 160–164], as S(ω → 0) ∼ 0. It is worth mentioning that

although time-domain hyperuniformity has been observed in soft matter physics, such

as the 144 avalanche size of the Oslo model [165], to our knowledge, the corresponding

phenomena and their engineering in wave physics have still been missing.

Therefore, engineering the power flows PFW,BW using time disorder is achieved by

moulding S(ω) near ω = 0 and 2ωb. Notably, in the design of S(ω), three conditions

should hold forC(∆t) and S(ω): the HermiticityC(∆t) = C∗(−∆t) with real-valued

S(ω), |Re [C(∆t)]| ≤ C(∆t = 0) from the maximum of the correlation function, and

S(ω) ≥ 0 from the autocorrelation theorem (see Appendix C.4). We also note that we

set ⟨∆α(t)⟩ = 0 to remove insuppressible scattering at the zero frequency limit [4]

S(ω = 0), which is the necessary condition to freely engineer the forward scattering
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power PFW.

To establish the designed manipulation of light through photonic time disorder,

we demonstrate the engineering of time disorder: unidirectional scattering for the

independent control of ⟨PFW⟩ and ⟨PBW⟩, order-to-disorder transition for spectral

manipulation, and momentum-selective spectral shaping. We note that there are two

different classes of one-to-many correspondence between a scattering response and

the realizations of disorder. First, because scattering phenomena are governed by S(0)

and S(2ωb) for a planewave of ωb, a family of time disorder can be achieved by

altering the overall shape of S(ω) while preserving S(0) and S(2ωb). Second, even

for the same S(ω), there is an infinite number of realizations of time disorder because

the entire landscape is uniquely determined by all the orders of correlation functions

[159]. Therefore, to rigorously study the relationship between scattering and disorder,

a number of different realizations with a given S(ω) should be examined. In the

following discussion, we focus on the first origin in examining a family of disorder,

also conducting the statistical analysis due to the second origin.

5.3 Unidirectional scattering

We demonstrate the unidirectional scattering achieved by suppressing S(0) or S(2ωb).

We set a time and frequency scale t0 = λ0/c = 2π/ω0, and assume the incident

frequency ωb = ω0, where the ambient potential is assumed as αb = 1. We set the

structure factor functions SFW(ω) and SBW(ω) for the forward and backward scat-

terings, which are designed in the frequency ranges [−2ω0, 2ω0] and [−3ω0, 3ω0],

respectively, and zero elsewhere. The structure factors SFW,BW(ω) in this scenario

are modulated by the design parameters S0 = SFW(ω) and S2ω = SBW(2ωb), re-

spectively, while satisfying the continuity and C1 smoothness as well as the statistical

bounds for ϵ(t) (see Appendix C.5).

Fig. 5.2a shows the designed SFW(ω) and SBW(ω) for different values of S0 and
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S2ω, respectively. With the corresponding C(∆t) from SFW,BW(ω), we generate a set

of ϵ(t) realizations through the multivariate Gaussian process (see Appendices C.4 and

C.6). Three example realizations are depicted in Fig. 5.2b for the suppressions of (i)

both forward and backward (case A), (ii) backward only (case B), and (iii) forward only

(case D), which have the corresponding time structure factor shown in Fig. 5.2a.

For each case, an ensemble of 104 realizations is generated, and their scattering

responses are examined using the time-domain transfer matrix method (TD-TMM)

[144, 166]. Figs. 5.2c, d show that the ensemble average of the rigorous TMM results

(error bars) provides good agreement with the S(ω)-based prediction with the Born

approximation (lines). Engineering temporal modulation using the time structure factor

allows for completely independent manipulation of temporal scattering: unidirectional

scattering only with forward (case B) or backward (case D) propagations or scattering-

free temporal variations (cases A and C).
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5.4 Engineered time disorder for spectral manipulation

The main advantage of utilizing disordered systems in wave physics is the ability to

manipulate multiple wave quantities with different sensitivities to material phases [3].

Such intricate wave-matter interactions allow for the alteration of the target wave

quantity while preserving other ones, as shown in the independent manipulation of

localization and spectral responses in spatial domains [109, 136]. In this context, we

focus on the independent control of two wave properties—scattering and spectral

responses—using photonic time disorder.

In designing temporal systems through the language of the time structure factor,

ordered systems (e.g., photonic temporal crystals [143]) are depicted by a set of Bragg

peaks, indicating certain harmonic frequencies at which the system interacts with an

incident wave. In contrast, time disorder close to the Poisson process [161] shows

a broadband structure factor that guarantees a continuum frequency response; at the

extreme, the uncorrelated Poisson disorder possesses the structure factor of an infinite

plateau. Using such a clear distinction between order and uncorrelated disorder and the

relationship between the structure factor and scattering, we explore the intermediate

regime between two extremes in photonic time disorder.

To quantify the transition between order and uncorrelated disorder, we introduce

the transition parameter ξ for the structure factor S(ω): from ξ = 0 mimicking crystals

to ξ = 1 for a near-Poisson case. We set the extreme case of the structure factors SC(ω)

and SP(ω) for the crystal and near-Poisson state, respectively, defining the transition

between them, as (Fig. 5.3a, see Appendix C.7)

S(ω) = (1− ξ)SC(ω) +
1

2

[
SP

(
ω − 2ω0

ξ

)
+ SP

(
ω + 2ω0

ξ

)]
. (5.7)

Fig. 5.3b shows the structure factors obtained from different mixing of SC(ω) and

SP(ω), targeting the suppression of forward power PFW ∼ 0 with S(ω = 0) = 0. As

the transition from the A to D states occurs, the heights of the Bragg peaks from SC(ω)
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Figure 5.3: Time disorder for bandwidth engineering. (a) Schematics of the structure
factors for crystalline (left) and near-Poisson disorder (right). ξ is the transition pa-
rameter between order (ξ = 0) and disorder (ξ = 1). (b) Structure factors S(ω) for
the order-to-disorder transition with varying ξ: from crystalline (navy) to near Poisson
(yellow). A, ξ = 0.025; B, ξ = 0.1; C, ξ = 0.3; D, ξ = 1. (c) Examples of real-
izations of ∆ϵ(t) for A, C, and D. (d) Statistical relationship between the backward
scattering power and the time-translational order metric τ . The scattering theory pre-
diction (solid and dashed lines with Eqs. (5.5) and (5.6), respectively) and rigorous
TD-TMM (error bars) are compared for each ensemble of 104 realizations. (e,f) Spec-
tral responses of the (e) forward and (f) backward scattering powers near the target
momentum (0.9 < kc/ω0 < 1.1) for A, B, and D in (d). Solid lines and coloured
areas denote the ensemble averages and the 1st to 3rd quartiles, respectively. Structure
factors [S(ω)], order metric (τ ), and scattering powers (PFW,BW) are normalized with
δ2/ω0, δ4, and δ2, respectively, where δ = [C(∆t = 0)]1/2.
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at ω ̸= 2ω0 decrease, while the bumps SP(ω) centred at ω = ±2ω0 (Fig. 5.3b, inset)

are continuously broadened. Eq. (5.7) allows for maintaining the integral of S(ω) over

the frequency domain to restrict the average fluctuation in the time domain realizations.

The designed transition therefore enables the characterization of time disorder solely

depending on the “pattern” of disorder, not on the magnitude of the fluctuation.

Fig. 5.3c shows examples of the realization of time disorder for different ξ values

in Fig. 5.3b, all of which are designed to derive backward scattering only. The tran-

sition parameter ξ qualitatively describes the temporal material phase transition from

nearly crystalline to nearly uncorrelated disorder. To characterize each disorder more

quantitatively, we introduce the time-translational order metric τ :

τ = t−1
0

∫ 4ωb

−4ωb

dω

∣∣∣∣S(ω)− πδ2

4ω0

∣∣∣∣2, (5.8)

where ±4ω0 denotes the range of nonzero S(ω) (see Appendix C.7). Analogous to

its original definition in the spatial domain [4, 161], τ characterizes the distance of

a given temporal evolution from the Poisson process, describing how much a given

ϵ(t) is ordered in the time domain. As shown in Fig. 5.3d, the designed backward

scattering from Eq. (5.6) and the resulting TD-TMM show good agreement, while better

agreement is achieved when we leave out the infinite temporal range approximation by

using Eq. (5.5).

The most significant difference between crystals and uncorrelated disorder can be

found in their spectral responses. As shown in Figs. 5.3e, f, the change in material

phases between order and uncorrelated disorder provides a designed manipulation of

the bandwidth of temporal modulations while preserving the target scattering response:

the suppression of forward scattering. Remarkably, near-Poisson time disorder (case D)

guarantees almost ±10% range of spectrum bandwidth for the suppression of forward

scattering and the constant backward scattering, improving the bandwidth 40 times

compared to that of the near-crystal one (case A). Therefore, the use of randomness
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in the temporal modulation enables a significant bandwidth enhancement and thus the

noise-robust signal processing preserving optical functionalities.

In general, the comparison between crystals and disorders gives rise to the trivial

tradeoff between efficiency and broadband properties. While the narrow and high peak

in the structure factor of crystals results in high efficiency at a certain target frequency

but the sensitivity in the vicinity of the frequency (i.e., narrowband response), broad

bump-like structure factors of disorders show less efficient but robust (broadband) re-

sponses. In contrast, we note that the advantage of utilizing disorder for both robustness

and “controlled” efficiency originates from the tradeoff within multiple peaks as shown

in Fig. 5.3a: taking both robustness and efficiency at a target frequency (ω ∼ 2ω0),

while losing efficiencies at the other frequencies (ω/ω0 ∼ 0.5, 1, 2, 2.5, · · · ).

5.5 Momentum-selective spectral shaping

Through Figs. 5.2 and 5.3, we demonstrate the control of the scattering directivity

under monochromatic conditions and its spectral engineering through an order-to-

disorder transition. Based on this result, we show a novel methodology for the filtering

of light waves—temporal “resonant-less” colour filter—using a platform with spatial

translational symmetry. The proposed approach is in sharp contrast to conventional

platforms for light filtering, such as multilayers [167] or resonators [168].
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As an example of this application, we consider the propagation of a pulse and its

interaction with the designed photonic time disorder, which leads to unidirectional and

bandpass scattering. Because the forward scattering is governed by S(0) regardless of

the light momentum k, the momentum-resolved operation for the forward scattering is

prohibited. Therefore, we focus on the filtering of backward waves while suppressing

forward waves, as illustrated in Fig. 5.4a, which filters out the range of “wave” momenta

k by the corresponding “material” temporal frequencies |ω| = 2c|k| ∈ [ωmin, ωmax]

(= [ω0/2, ω0] in Fig. 5.4a). Notably, the nonzero lower bound ωmin, which imposes a

stricter condition on suppressing the forward wave, comprises the temporal realization

of the stealthy hyperuniformity [4, 161], as S(|ω| < ωmin) ∼ 0. We also set S(ω) ∼

ω−2 dependency in the target range to compensate for the ω2 dependency of scattering

power [Eq. (5.6)]. The temporal correlation and a sample realization of a given structure

factor are shown in Figs. 5.4b, c.

The initial displacement fieldD(z, t = 0) is a real-valued scalar function that satis-

fiesD(k) = D∗(−k). We assume a Gaussian pulseD(z, t = 0) = exp
[
−(z/σz)2/2

]
.

The time evolution of the field through the time disorder filter becomes

D(z, t) =

∫ ∞

−∞

dk

2π
D(k, t = 0)eikzψtot(t; k), (5.9)

where ψtot(t; k) is the single-component response of the incident planewave ψinc(t) =

e−ikct. Snapshots of the pulse evolution are shown in Fig. 5.4d, exhibiting +z propa-

gation (pink arrow) and a scattered tail behind it.

The evolutions of scattered fields in real- and k-space are illustrated in Figs 4e

and f, respectively. After the modulation, the generated backscattered field propagates

along the −z-direction (blue arrow). Fig. 5.4f and its ω-axis representation (Fig. 5.4g)

clearly demonstrate the filtering functionality, which preserves the envelope shape of

the original incident pulse while suppressing the designed band stop range ck/ω0 ∈

[−1/4, 1/4].

The mechanism of the suggested temporal colour filter is fundamentally distinct
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from conventional optical filters, which utilize the bounded momentum responses

through spatial inhomogeneity (for example, using mirrors, scatterers, or resonators)

and the following constraint on spectral responses through dispersion relations. In

contrast, the proposed temporal colour filter does not require spatial inhomogeneity.

While the momentum of light is preserved through spatial translational symmetry, the

spectral responses are filtered through broken temporal translational symmetry, which

is the nature of time-varying open systems.

5.6 Discussion

Recently, several important studies have explored time disorder [130, 144], revealing

the growth of the statistical intensity of waves with log-normal distributions and tem-

poral Anderson localization, both of which are obtained with uncorrelated disorder.

In contrast, the significance of our result is on bridging temporal light scattering and

correlated time disorder, which allows for the deterministic engineering of scattering

direction, bandwidth, and spectral shaping.

In terms of time-dependent perturbation theory, our statistical approach corresponds

to a weak perturbation with the spectral transition amplitude S(ω) that gives rise to the

transition from the incident (initial state, ωb) to forward or backward scattering (1st-

order perturbations,±ωb) with the energy differences S(∆ω = −2ωb, 0), respectively,

as similar to Fermi’s golden rule. Furthermore, this is consistent with a so-called time

correlation function in the Green-Kubo (G-K) relationship [169, 170] to describe the

transport coefficient in fluid [171] or thermal [172] systems. While the listed phenomena

all share the universal linear response theory in both classical and quantum physics,

the direct application of the essence of the G-K relation to temporal light scattering

is demonstrated for the first time, and it serves as a toolkit for dynamical photonic

systems.

Notably, time-varying wave systems can be experimentally realized through time-
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varying transmission lines (TVTLs) [6, 145, 173–176] in the microwavae regime.

Because transmission lines are ideal platforms for describing one-dimensional wave

propagations, TVTLs with temporal modulations via loaded LC resonators or varactor

diodes allow for reproducing intriguing phenomena in time-varying wave systems. For

the practical implementation of our disordered systems, the TVTL is also expected to be

a suitable platform, which only requires the free-form control of time-varying parame-

ters. Notably, the realization of photonic time disorder beyond the microwave regime is

a much more challenging issue. Although the unidirectional scattering with suppressed

forward scattering can be realized independent upon the modulation speed (S(0) = 0),

the engineering of backward scattering S(2ωb) requires ultrafast modulations, which is

one of the controversial topics in recent studies on photonic momentum gaps [177]. For

example, to achieve the significant modulation of backward scattering in the infrared

or visible range, the femtosecond modulation of optical refractive indices is necessary.

All-optical modulation based on second-order [177] or third-order optical nonlinear-

ity can be a possible mechanism. To increase the effective material perturbation in

strong light-matter interactions, the use of two-dimensional materials [178], plasmonic

platforms [179], or epsilon-near-zero metamaterials [180] can be a candidate platform.

To summarize, we developed the patternless realization of EM scattering in tem-

porally disordered media. Starting from the analytical formulation of wave scattering

with the time structure factor, we demonstrated the moulding of the structure factors

for engineered scattering. This top-down approach enables the design of modulation

signals for unidirectional scattering in spatially homogeneous systems. By examining

the order-to-disorder transition in the temporal domain, we also develop bandwidth

engineering while preserving unidirectional scattering, which enables the realization

of resonance-free colour filters. To develop a more concrete theoretical foundation of

disordered photonics in the time domain, exploring the uniqueness and criteria of pho-

tonic time disorder, such as the energy-nonconservative nature of momentum gaps with

hyperuniformity [4] and stealthy [3] and its relation to the thermodynamic limit, will
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be a further research topic. In terms of engineered disorder, unidirectional scattering

achieved with photonic time disorder will provide extended design freedom in realizing

optical nonreciprocity [181, 182]. To break Lorentz reciprocity [182], the generaliza-

tion of photonic time disorder to the spatio-temporal domain will be necessary. The

bandwidth engineering through order-to-disorder transition as shown in our work will

then be applicable to realize broadband optical isolation.
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Chapter 6

Conclusion

As presented in this Dissertation, the research focus during my Ph.D. program has been

mainly on the inverse design of photonic devices in terms of functionality and active

tunability, based on numerical, theoretical, and data-driven methods.

In the first part, I demonstrated how to design photonic tilted Dirac dispersions for

novel anisotropic control of light flows inside photonic crystal structures. While theC4v-

symmetry in the original structure gives rise to the presence of accidental degeneracy

at the Γ-point, the breaking of the symmetry into the reduced C2v-symmetry enabled

the relative shift of Γ-point eigenmode frequencies in a top-down manner, resulting

in the new emergence of tilted Dirac cones apart from the Γ-point for all the types

I, II, and III according to the sign of group velocities. On top of that, the further

breaking of C2v-symmetry by additional mirror symmetry considerations in different

directions also clarified their role in dispersion crossing and anti-crossing in relation

to the gap opening, which illustrates the prospective application in switching operation

by asymmetric modulation.

Next, I demonstrated the inverse design of photonic active switching devices, which

is mostly in accordance with the title of this Dissertation, by utilizing deep neural net-

works. There are two kinds of networks: first, a forward network maps structural

information of design parameters into the corresponding optical responses, while a re-
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verse network maps a target optical response into the possible candidate for the design

solution. Constructing a tandem structure of the reverse network followed by the pre-

trained forward network, it was able to properly obtain one inverse-designed structure

for target active responses for on/off switching. I also studied the relationship among

modulation sensitivity (or, robustness) against the external modulation, conventionally

defined order metric of the material structure, and the average transmittance, which

provides new insight into their relationship in terms of engineered disorder.

Finally, I studied the "activeness" of the photonic active devices: the temporal

features of the optical scattering phenomena driven by a time-varying optical po-

tential. With the newly developed relationship between temporal scattering and the

corresponding temporal structure factor, which quantifies the disordered state of the

material phase, it was able to target-control the temporal scattering in forward and

backward directions independently. Further analyzing the order-to-disorder transition

in the temporal domain, the advantage of using disordered modulation rather than the

periodical one in terms of bandwidth control was also verified with the demonstration

of pattern-free temporal color filters without spatial resonance structure.

The above studies do independently become a building block for understanding the

design degrees of freedom in active devices: as an anisotropy control unit, as a tunable

directivity control unit, and as fundamentals of time-varying physics with temporal

disorder and the inherent energy description, which hopefully will contribute to the

advance in the design of energy-efficient and high-functionality optical devices, such

as an optical processor.
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Appendix A

Supplementary Information for Chapter 3

A.1 Effective wave parameter analysis

We focus on optical potentials at the parameter space point (0.00,−0.13) in Fig. 3.4a,

which corresponds to the deformation class D. For this potential, the eigenfrequency

at Γ-point is 0.54142πc/a for s- and px-modes and 0.53642πc/a for py-mode. The

dispersion of the three bands near Γ-point is shown in Fig. A.1a (2D cross-section) and

Fig. A.1b (3D view), showing the directional linear dispersion toward X-axis [60] and

different topologies of isofrequency contours (IFC).

Effective material parameters for a give dispersion are then calculated from the

transmission and reflection for a slab structure [61]. In Fig. A.1f, the spectral dispersions

of effective permittivities ϵz for x- (blue) and y-directional (purple) propagations are

shown, which are almost the same without directionality. The permittivities have also a

zero at the s-mode frequency. In contrast, in Fig. A.1g, the effective permeabilities µy

for x-direction (blue) and µx for y-direction (purple) propagations have different zeros,

corresponding to px- or py-mode eigenfrequencies, respectively. These results represent

the different roles of s- and px,y-modes in the electric and magnetic responses of the

medium, which correspond to an equivalent rod and ring resonator, respectively. The

eigenfrequencies ωs and ωpx,py are then the resonant frequencies where the complete
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Figure A.1: (a,b) Band dispersions of the photonic crystal for the design point
(δx, δy) = (0.00,−0.13) in Fig. 3.4a, obtained by the FEM (marker) and the effective
Hamiltonian theory (line). (c-e) IFCs at frequencies ωa/2πc = 0.5314, 0.5389, and
0.5464, respectively, presented in (b) as bold lines. (f,g) Effective material parameters
of the medium: (f) ϵz for y- (purple) and x- (blue) directional propagation, and (g) µx
for y- (purple), µy for x- (blue) directional propagation.

cancellation of external field components Ez and Hy,x occur.

Using the above wave parameter analysis, we interpret the geometry of band struc-

tures. First, the hyperbolic IFC (green bold line in Fig. A.1b) originates from the

different signs of µx and µy, as shown in the region of 0.5364 < ωa/2πc < 0.5414

in Fig. A.1g. On the other hand, the elliptic IFCs (orange and blue bold lines in

Fig. A.1b) originate from the same sign of µx and µy. The y-directional bandgap

(0.5364 < ωa/2πc < 0.5414) is obtained with negative ϵzµx. Finally, a wave prop-

agating in x-direction at ω = ωs = ωpx undergoes zero refractive index with finite

impedance, due to the Dirac dispersion with ϵz = µy = 0. The corresponding wave

behaviors in the real space are depicted in Fig. A.2. The good agreement of wave

propagations between the designed medium and the corresponding effective medium

demonstrates the validity of the effective Hamiltonian approximation.
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Figure A.2: Phase of Ez for the electromagnetic wave propagation from a line source
at the origin for (a,c,e,g,i) the designed optical medium in Fig. A.1 and (b,d,f,h,j)
the medium with the corresponding effective permittivities and permeabilities. The
oscillating frequencies ωa/2πc are selected as (a,b) 0.5314, (c,d) 0.5364, (e,f) 0.5389,
(g,h) 0.5414, and (i,j) 0.5464.

A.2 Derivation of band anti-crossing near a type-III Dirac

point

The effective Hamiltonian for the deformation class D (without loss of generality,

ωs = ωpx > ωpy) can be written using the Γ-point basis as the sum of on-axis
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Hamiltonian for ky = 0 and the other terms:

H(k) = Haxis + V =


ωs vxkx 0

vxkx ωs 0

0 0 ωpy

+


0 0 vyky

0 0 0

vyky 0 0

. (A.1)

The unperturbed Hamiltonian Haxis has three eigenfrequencies ω±(kx) = ωs ± |vxkx|

and ωflat(kx) = ωpy with corresponding eigenmodes |±⟩ =
[
1 ±1 0

]T
/
√
2 and

|flat⟩ =
[
0 0 1

]T
, which form a single intersection point between the bands of ω−

and ωflat, at kx = kx0 ≡ |(ωs − ωpy)/vx|.

For the perturbation with nonzero ky, the first-order degenerate perturbation theory

[57] derives the matrix elements of V with regard to |−⟩ and |flat⟩ as

⟨−|V |−⟩ = vyky
2

[
1 −1 0

]
0 0 1

0 0 0

1 0 0




1

−1

0

 = 0 (A.2)

and ⟨flat|V |flat⟩ = 0, ⟨−|V |flat⟩ = ⟨flat|V |−⟩ = vyky/
√
2 in a similar way. Using

the basis W = {|−⟩ , |flat⟩}, the perturbation is represented by

[V ]W =
vyky√

2

0 1

1 0

, (A.3)

which splits the degenerate frequency by new eigenvectors and corresponding eigen-

values: ω↑ = vyky/
√
2, ω↓ = −vyky/

√
2, |↑⟩ = (|−⟩+ |flat⟩)/

√
2, and |↓⟩ =

(|−⟩ − |flat⟩)/
√
2. The band anti-crossing near the DP is then given by |ω↑ − ω↓| =

√
2|vyky|, which originates from the coupling of the degenerate modes at the DP.
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A.3 Perturbative inverse design method

We employ a C2v-symmetric multiplicative perturbation function f0(r) with parame-

ters (δx, δy):

f0(r) =δx

[
ϕ

(
x− d

σ
,
y

σ

)
+ ϕ

(
x+ d

σ
,
y

σ

)]
+ δy

[
ϕ

(
x

σ
,
y − d

σ

)
+ ϕ

(
x

σ
,
y + d

σ

)]
, (A.4)

where d = a/3, σ = 0.035a, and ϕ(ξ, η) = e−(ξ2+η2)/2. Because our design is

restricted in the finite unit cell r ∈ [−a/2, a/2]2 with periodic boundary conditions,

we use a differentiable form at the boundary (∂f/∂n ∼ 0) by symmetrizing for the

boundary:

f(r) =
∑
R

f0(r−R), (A.5)

where R = a(nx, ny) represents a few lattice vectors for integers nx,y = 0 or ±1.

A.4 Dipole-based design

To demonstrate the universality of the inverse design technique, in this section, we show

the inverse design based on a dipole px-mode. By applying the perturbation function

f(r) of the same form to the dipole-x mode profile upx0(r), we obtain a new target

mode upx(r) = exp [f(r)]upx(r) with the parameters (δx, δy). Then, the potential for

the target mode by Eq. (3) leads to the frequency shifts ∆ωs,py = ωs,py˘ωpx as a

function of (δx, δy) (Fig. A.3).

When compared to Fig. 3.4a in the main text, Fig. A.3 shows that both ∆ωs

(dashed lines) and ∆ωpy (solid lines) have steep gradients for the parameters. However,

the independent control of ∆ωs and ∆ωpy is still valid, allowing the reproduction of

the results from the monopole-based design.
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Figure A.3: Contour lines of the modal separations ∆ωs,py with the fixed px-mode
frequency, as a function of (δx, δy). Solid (or dashed) lines denote the frequency shift
of the dipole py (or monopole s) mode.

A.5 Practical implementation and the flat band control

In this note, we present the platform based on the photonic-molecular unit cell to

achieve the practical realization of continuous potential landscapes in the main text.

The structure is composed of five homogeneous dielectric rods: four identical dielectric

rods (δx = δy = 0) around the center rods as shown in Fig. A.4a, which guarantees

C4v-symmetry and thusωp = ωpx = ωpy. We apply the gradient descent method [66] as

a numerical optimization process to achieve the accidental degeneracy. The frequency

difference (ωp − ωs)
2 is set to the loss function for this numerical assessment, which is

minimized with respect to the structural parameters (radii of the center and lateral rods

r0, r1, and displacement of the lateral rods from the center d) with while maintaining the

permittivity of the rods as ϵ0 = ϵ1 = 12.5. Using this process, we obtain a parameter

set for the triple accidental degeneracy among s- and px,y-modes: r0 = 0.192a,

r1 = 0.059a, and d = 0.297a. For the structure with optimized parameters, the

degenerate frequency is determined to be ωp = ωpx,py = 0.515× 2πc/a.

With the inverse design, we further impose the perturbation to the newly-obtained
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Figure A.4: (a) C4v-symmetric photonic molecular unit cell with material and struc-
tural parameters: the permittivity ϵ0 and the radius r0 of the central rod, the permittivity
ϵ1 and the radius r1 of the lateral rods, and the distance d between the center and lateral
rods. (b) Contour lines of the modal separations ∆ωpx,py = ωpx,py − ωs, as a function
of radius modulation parameters (δx, δy) in (a).

structure with the accidental degeneracy, by controlling radii of the lateral rods. Con-

trolling the parameters (δx, δy), we achieve the frequency shifts ∆ωpx,py = ωpx,py−ωs

as shown in Fig. A.4b as a function of (δx, δy) of which the contour lines appear as dot-

ted and solid lines, respectively. This photonic molecule unit cell enables the practical

realization of tilted photonic Dirac cones.

In the proposed practical platform, we also investigate the control of the slope of

flat bands. The effective Hamiltonian described in the main text assumes the perfectly

flat band having zero group velocity. However, a real structure that follows the first

principle of Maxwell’s equations results in the emergence of nonzero slopes of the

flat band, which originates from higher-order coupling terms [57]. Notably, the further

control of the flat band slope significantly improves the design degree of freedom,

achieving a clear transition between the type I and type II Dirac cones without shifting

the flat band.

Fig. A.5 shows the result of controlling the slope of the flat band using structural

parameters. We employed the gradient descent method to find the parameter set (r0, r1)

shown in Fig. A.4 for accidental degeneracy with fixed parameters (d, ϵ). Figs. A.5a,b
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Figure A.5: (a, b) Optimized result of the parameters (radii of the center and lateral
rods) p0 = r

(opt)
0 /r

(i)
0 and p1 = r

(opt)
1 /r

(i)
1 for accidental degeneracy by gradient

descent method, as a function of the other fixed parameters δd = (d − a/3)/(a/3)

and δϵ = (ϵ − 12.5)/12.5. Here the starting point for the optimization is given
as (r0(i), r1(i)) = a(0.163, 0.058). (c) Intrinsic slope of the flat band defined by
v(flat)/c = [ω(ks)− ω(0)]/cks, where ks = 2π/a(0.1, 0), for the derived band struc-
ture with parameters r(opt)0 and r(opt)1 .

show the control of the group velocity (v(flat) = [ω(ks)− ω(0)]/ks, where ks =

2π/a(0.1, 0)) of the flat band while maintaining the accidental degeneracy. As shown

in Fig. A.3c, the tuning range of v(flat) is close to ±4% with the reasonable modulation

of structural parameters up to δd = ±0.1 and ϵ = 0.1. Further research on more

significant change of the flat band will be a topic of future study.

A.6 Effect of mirror symmetry breaking

In this section, we examine quantitatively the effect of mirror-asymmetric function.

For example, broken mirror symmetry in y-direction can be achieved by rewriting the

perturbation function in Eq. (A.4) as

f0(r) =δx

[
ϕ

(
x− d

σ
,
y

σ

)
+ ϕ

(
x+ d

σ
,
y

σ

)]
+ δy(1 + ρy)ϕ

(
x

σ
,
y − d

σ

)
+ δy(1− ρy)ϕ

(
x

σ
,
y + d

σ

)
(A.6)
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with nonzero asymmetry parameter ρy. This modifies the on-axis Hamiltonian in Eq.

(A.1) to

Haxis = H
(0)
axis + Vy =

[
H

(0)
axis + V (+)

y

]
+ V (−)

y = H ′
axis + V (−)

y , (A.7)

where

H
(0)
axis =


ω
(0)
s v

(0)
x kx 0

v
(0)
x kx ω

(0)
px 0

0 0 ω
(0)
py

 (A.8)

is the kx-axis Hamiltonian when ρy = 0, Vy is the perturbation by turning on the

parameter ρy, V (±)
y = (Vy ± PyVyPy)/2 are the even (+) and the odd (−) part of Vy

with respect to y-inversion operator Py, satisfying V (±)
y Py = ±PyV

(±)
y , and

H ′
axis =


ωs vxkx 0

vxkx ωpx 0

0 0 ωpy

 (A.9)

is a new kx-axis Hamiltonian in which the even part of perturbation V (+)
y is taken

into account for a new set of Γ-point eigenfrequencies (ωs, ωpx, and ωpy) and velocity

coefficients (vx, vy). It is noted that the nonzero ρy cannot ensure that the perturbation

is fully odd; however, the even part V (+)
y does not change the symmetric properties

significantly because it is still C2v-symmetric due to even parity in x- as well as

y-direction.

The perturbation by the odd part V (−)
y is applied to the DP on kx-axis, which

is defined by the new Hamiltonian H ′
axis. Without loss of generality, the DP is made

up of two degenerate states |−⟩ = cs |s⟩ + cpx |px⟩ and |flat⟩ = |py⟩ with arbitrary

coefficients cs and cpx. From symmetry considerations of V (−)
y such that V (−)

y (x, y) =

+V
(−)
y (−x, y) = −V (−)

y (x,−y) in the position-space representation, we obtain the
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following matrix elements:

⟨−|V (−)
y |flat⟩ = c∗s ⟨s|V (−)

y |flat⟩ ̸= 0 (A.10)

due to the fact that

∫ a/2

−a/2
u∗pxV

(−)
y upydx = 0,

∫ a/2

−a/2
u∗sV

(−)
y upydx(dy) ̸= 0, (A.11)

while ⟨−|V (−)
y |−⟩ = ⟨flat|V (−)

y |flat⟩ = 0. The nonzero off-diagonal matrix element

⟨−|V (−)
y |flat⟩ thus means the band anti-crossing even on the axis.

On the other hand, the Hamiltonian with broken x-mirror symmetry is written as

Haxis = H
(0)
axis + Vx =

[
H

(0)
axis + V (+)

x

]
+ V (−)

x = H ′
axis + V (−)

x (A.12)

for a modified perturbation function with nonzero ρx:

f0(r) =δy

[
ϕ

(
x

σ
,
y − d

σ

)
+ ϕ

(
x

σ
,
y + d

σ

)]
+ δx(1 + ρx)ϕ

(
x− d

σ
,
y

σ

)
+ δx(1− ρx)ϕ

(
x+ d

σ
,
y

σ

)
. (A.13)

In this case, the matrix elements are determined by

⟨−|V (−)
x |−⟩ = 2Re ⟨s|V (−)

x |px⟩ , (A.14)

which is not necessarily zero, and ⟨flat|V (−)
x |flat⟩ = ⟨flat|V (−)

x |−⟩ = 0 from similar

symmetry considerations with Eq. (A.11). There is a significant difference from the

previous case of y-mirror symmetry breaking; the possibly nonzero matrix element in

Eq. (A.14) is at the diagonal position, which just shifts the band ω− but does not lead

to the coupling between the two bands. Therefore, they still maintain the "crossing"

state. The FEM calculations in Figs. 3.5d, f verify this result.
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Appendix B

Supplementary Information for Chapter 4

B.1 DNN Parameters

G2RNet is composed of an input layer (61 neurons), 10 hidden layers (180 neurons for

each layer, which are all batch-normalized [183] and activated by the GELU function

[184]), and an output layer (180 neurons, which are batch-normalized and activated

by the sigmoid function for bounded wave response values). Similarly, R2GNet is

composed of an input layer (180 neurons), 6 hidden layers (120 neurons for each layer,

which are all batch-normalized and activated by the GELU function), and an output

layer (60 neurons, which are batch-normalized and activated by the sigmoid function,

and one neuron that preserves the fixed value for the thickness dGST = 1000 nm).

B.2 Dataset and training information

A data point representing a multilayer realization and its angular response is composed

of a randomly generated thickness vector d = [d0, d1, · · · , d60] and the corresponding

angular response vectorT = [T0, T1, · · ·T179] calculated by the transfer matrix method

(TMM), which constitutes the total dataset of 2 × 106 realizations. To improve the

learning scope of physically allowed responses, we diversify the realizations with

91



Figure B.1: The structure data dl are generated from 6 uniform distributions of different
ranges, and their corresponding optical response data are calculated through the TMM.
The total dataset of 2 × 104 realizations is divided into training, validation, and test
datasets.

different characteristic lengths and their deviations by applying various ranges for the

uniform random generation of dl: (i) dl = unif(2, 98) nm, (ii) dl = unif(2, 118)

nm, (iii) dl = unif(2, 138) nm, (iv) dl = unif(2, 158) nm, (v) dl = unif(2, 178)

nm, and (vi) dl = unif(2, 198) nm (Fig. B.1), where unif(a, b) denotes the uniform

random distribution between a and b. The overall bound of dl is thus (2, 198) nm,

which corresponds to the limit of the final sigmoid activation in R2GNet. All the

partial datasets (i-vi) constitute the same portion (1/6) of the total dataset, which are

then uniformly shuffled and divided again into training, validation, and test datasets of

1.95× 106, 4.5× 104, and 5× 103 realizations, respectively.

For the training, we use the adaptive momentum (ADAM) [D. P. Kingma, J. Ba,

arXiv:1412.6980 (2014]] optimizer with momentum decay rate β = (0.9, 0.999), sta-

bility factor ϵ = 1 × 10−8, and initial learning rates 1 × 10−2, 1 × 10−3, 1 × 10−1,

and 1 × 10−3 for G2RNet, R2GNet, mG2RNet, and mR2GNet, respectively. During

the training process, the training dataset is further split into 39 mini-batches of 5× 104

realizations for stochastic optimization in every epoch, and the learning rates are sched-

uled to be reduced by half when there is no decrease in the training loss during 25
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Figure B.2: From left to right, each network has 10, 10, 10, 2, and 6 hidden layers
of 180, 45, 90, 180, and 180 neurons per layer, respectively. The minimum validation
losses of 5.7× 104, 6.4× 10−3, 1.1× 10−3, 6.3× 10−3, and 6.9× 10−4 are indicated
by red dashed lines; the leftmost optimal structure is used in the main text.

consecutive epochs. The training of the DNNs is performed by PyTorch on 2 paral-

lel NVIDIA RTX 2080ti GPUs. Various combinations of the hyperparameters for the

DNN architecture in the main text are also tested. The results in Figs. B.2-B.5 show

that the DNNs with more hidden layers and neurons are optimized to a smaller loss.
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Figure B.3: From left to right, each network has 6, 6, 6, and 3 hidden layers of 120,
30, 60, and 120 neurons per layer in the R2G part, respectively, along with 10 hidden
layers of 180 neurons each in the pre-trained G2RNet part in common. The minimum
validation losses of 2.6× 10−4, 7.3× 10−4, 3.8× 10−4, and 4.2× 10−4 are indicated
by red dashed lines; the leftmost optimal structure is used in the main text.

Figure B.4: From left to right, each network has 6, 6, 6, and 3 hidden layers of 120,
30, 60, and 120 neurons per layer, respectively. The minimum validation losses of
3.3 × 10−4, 3.0 × 10−−3, 1.7 × 10−3, and 1.1 × 10−4 are indicated by red dashed
lines; the leftmost optimal structure is used in the main text.
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Figure B.5: From left to right, each network has 4, 4, 4, and 2 hidden layers of 120,
30, 60, and 120 neurons per layer in the R2G part, respectively, along with 6 hidden
layers of 120 neurons each in the pre-trained G2RNet part in common. The minimum
validation losses of 1.1× 10−7, 3.6× 10−7, 5.2× 10−7, and 3.5× 10−7 are indicated
by red dashed lines; the leftmost optimal structure is used in the main text.

B.3 Normalized intensity profiles

In the 2D simulation for verifying the device operations, we assume a cylindrical wave

excitation. The wave intensity then decreases with order of ∼ 1/r as it propagates in

outgoing direction, even if there is no scattering through a device. This reduction thus

gives rise to the difference in color scales at the both sides of the device in Figure

3g despite its transparency. In Fig. B.6, the normalized field intensity |Etot/Einc|2 is

plotted, which compensates the ∼ 1/r decrease in intensity, to clearly show this effect.

Figs. B.6a-d correspond to Figs. 4.3c,d,g, and h in the main text, respectively. In Fig.

B.6c, now the both sides of the device show the similar relative wave intensity level to

the incident cylindrical wave.

In addition, we also verify graphically the high-θ suppression due to the cut-off

angles in broadband active switching devices by extending the simulation domain in

y-direction (0 < y < 100 µm, Figs. B.6c,d). By measuring the angles of the contours

with the corresponding target transmission levels (Ta = 0.8, Tc = 0.1), it turns out

that the designed device exhibits actual cut-off angles about ∼ 83.4◦ and ∼ 76.6◦

for a-GST (transparent, Fig. B.6c) and c-GST (opaque, Fig. B.6d) phases, respectively.
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Although these values are quite deviated from the target cut-off angle 75◦, especially for

the transparent operation, they show good agreements with the ground-truth responses

of the proposed device, as shown in Figure 3. In Figure 3e, the blue symbol (a-GST,

ground-truth) drops at the higher angle than that of the blue line (c-GST, target), while

the red symbol (c-GST, ground-truth) drops almost coincidentally with the red line

(c-GST, target).

B.4 Field distributions calculated by the finite element method

We verify the examples of the functional regressor in the main text by using the finite

element method (FEM). The FEM-calculated results in Fig. B.6 show the cylindrical

electromagnetic (EM) wave excited from a line source at the origin, including the

perfectly matched layer surrounding the domain for suppressing unrealistic reflections.

B.7 shows excellent agreement with Fig. 4.3 in the main text. Although we assume

cylindrical wave excitations in both TMM and FEM calculations, the TMM utilizes

only the Bessel function of the first kind J0(k0r),

J0(k0r) ∼
∫

d2k exp(ik · r)δ(|k| − k0), (B.1)

due to the singularity in the second kind Y0(k0r). This results in marginal differences

between the interference patterns of the two results.
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Figure B.6: Extended plot for Figs. 4.3c,d,g,h with normalization. The field intensity
is normalized by the cylindrical wave intensity. Red contours indicate the normalized
intensity levels for (a,b) the half-maximum values for the angle-selective switching
device (= 0.5) and (c,d) the cut-off values for the broadband switching device (= 0.8
for (c) and = 1.0 for (d)). Blue arrows in (c,d) indicate the angle of contour profiles,
representing the cut-off angle.

B.5 Model performance of R2GNet

The regression performance of the trained R2GNet can be evaluated by various metrics:

mean absolute error (MAE), root mean squared error (RMSE), or averaged R-squared

score (R2 = (R2
a + R2

c)/2) of the TMM-calculated true response T(true) from the
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Figure B.7: 2D intensity profiles calculated by the FEM. (a,b) Angle-selective and
(c,d) broadband switching devices for both GST phases: (a,c) a-GST and (b,d) c-GST.

designed realizations with respect to the target response T(tar), as defined in Eq. (B.2):

MAE =
1

180

1∑
m=0

79
∣∣∣T (true)

m − T (tar)
m

∣∣∣,
RMSE =

[
1

180

1∑
m=0

79
∣∣∣T (true)

m − T (tar)
m

∣∣∣2]1/2

,

R2
a = 1−

∑89
m=0

∣∣∣T (true)
m − T

(tar)
m

∣∣∣2∑89
m=0

∣∣∣T (tar)
m −mean

[
T (tar)

]∣∣∣2 ,
R2

c = 1−

∑179
m=90

∣∣∣T (true)
m − T

(tar)
m

∣∣∣2∑179
m=90

∣∣∣T (tar)
m −mean

[
T (tar)

]∣∣∣2 , (B.2)

For angle-selective and broadband switching devices, we examine the target param-

eters defining the device operation in Figs. B.8-B.10: (θa, θc) and (Ta, Tc), respectively.

The comparison is conducted with different auxiliary parameters for angle-selective

and broadband switching of θFWHM = 6◦, 12◦, and 18◦ and θoff = 45◦, 75◦, and 85◦,

respectively. While the RMSE is sensitive to the outlying errors, as depicted by the

yellow point in Fig. B.9c, the MAE (Fig. B.8) shows relatively continuous distributions

of the errors. In contrast, the R2 score exhibits sensitivity of the metric to the relative
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Figure B.8: Model performance evaluated by the MAE. (a-c) Angle-selective switching
with target ON-OFF angles (θa, θc) for three different target broadenings θFWHM = 6◦,
12◦, and 18◦. (d-f) Broadband switching with target ON-OFF transmission levels
(Ta, Tc) for three different target cutoff angles θoff = 45◦, 75◦, and 85◦.
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Figure B.9: Model performance evaluated by the RMSE.

shape deformation of the response lines rather than to the absolute error itself. Thus,

the R2 scores are extremely spread out compared to the other two metrics, revealing

the clear boundaries between good and poor performances.

B.6 Validity of mR2GNet

The validity of the trained mR2GNet can be evaluated with the evolution of its output

distributions. Similar to Figure 3c-f in the main text, the gradual change in the structural

statistics and the accuracy of the controllability metric is shown in Fig. B.11. The

smooth variation in both the structural distributions and wave responses shows that

mR2GNet describes a physically acceptable transition in terms of wave controllability

(η = 0 to 0.6). In addition, the direct comparison between the target and ground-truth

η quantitatively verifies the accuracy of mR2GNet. As shown in the right panels of Fig.

B.11, almost all of the realizations achieve true TMM-calculated controllability with a
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Figure B.10: Model performance evaluated by the R2 score.

deviation from the target value of less than 0.05.

B.7 Plane-wave responses and effective medium approxima-

tion

In this Note, we provide further information regarding the inverse design of the target

controllability in the main text (Fig. 4.4). First, the one-dimensional field distributions

for selected angular components (0, 15, 30, 45, and 60 degrees) are shown in Fig. B.12,

emphasizing the critical role of the GST layer in the energy confinement in relation to

the difference between ON and OFF transmittances.

We also compare the results with those of effective medium theory (EMT). For the

arrays of the designed average layer thickness ⟨dl⟩ with target controllability η = 0.05,

0.3, and 0.6, each of the left (0 ≤ l < 30) and right (31 ≤ l < 61) parts has its
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Figure B.11: Evolution of structural statistics and wave controllability from the
mR2GNet-designed realizations. η = 0 to 0.6 for (a-m), respectively. Left: distri-
butions of the optical phase evolution, which are the same as Figs. 4.4d-f in the main
text. Right: distributions of the deviation of the true controllability from the target
controllability, as the model performance of mR2GNet.
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corresponding effective permittivity as follows:

ϵ
(L,R)
EMT =

∑
l ϵl ⟨dl⟩∑
l ⟨dl⟩

(B.3)

The equivalent thickness of the homogeneous layer d(L,R)
tot is then obtained by the

following relation:

n
(L,R)
EMT d

(L,R)
tot =

∑
l

nl ⟨dl⟩ , (B.4)

where n(L,R)
EMT =

[
ϵ
(L,R)
EMT

]1/2
and nl = ϵ

1/2
l . The responses obtained from the effective

permittivity ϵ(L,R)
EMT and the layer thickness d(L,R)

tot for the homogeneous layer are shown

in Fig. B.13 in comparison with the results from mR2GNet. Although the structures

from mR2GNet and EMT support identical optical path lengths, there are significant

deviations between them, which originate from the phase shift at the boundary, as

shown in the relationship between subwavelength localization and the Goos-Hänchen

effect[41]. The deviation between mR2GNet and EMT emphasizes the advantage of

our machine-learning approach, which enables inverse design of active disorder, over-

coming the difficulty in analytical approaches.

B.8 Calculation of the τ order metric

While the conventional translational order metric τ is originally calculated from the

pair correlation function over a continuous and infinite domain under the assumption

of statistically homogeneous point processes[40], we instead utilize the definition of

the τmetric that allows inhomogeneity of finite samples[39]. For a finite range of a 1D

two-phase medium composed of alternating layers with low and high permittivities εL

and εH, respectively, the indicator function for a material phase is defined as

I(x) =


0, ϵ(x) = ϵL

1, ϵ(x) = ϵH

(B.5)
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Figure B.12: One-dimensional field distributions for different target controllability
values: (a) η = 0.05, (b) η = 0.3, and (c) η = 0.6 with incident angles θinc = 0◦, 15◦,
30◦, 45◦, and 60◦. Blue and red lines denote a-GST and c-GST phases. White, light
grey, and grey regions denote the surrounding air, disordered multilayers, and GST
layer, respectively.

Figure B.13: Comparison with EMT for different target controllability values: (a)
η = 0.05, (b) η = 0.3, and (c) η = 0.6. Solid lines: the mR2GNet results, which are
the responses of the averaged structure ⟨dp⟩ for the obtained ensemble; dashed lines:
the EMT results, which are the responses of the equivalent homogeneous medium.
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where ϵ(x) is the permittivity landscape function with the binary value ϵL,H in the

finite range. By discretizing this range with Ns points, we achieve the τ metric from

the discrete Fourier transform

Ĩk =

Ns−1∑
n=0

In exp(i2πnk/Ns) (B.6)

of the indicator array In = I(n∆x):

τ ≡
∑
k ̸=0


∣∣∣Ĩk∣∣∣2
N

−
(
1− N

Ns

)
2

. (B.7)

whereN =
∑N−1

n=0 In is the number of 1ś in the indicator array. The order metric used

in this work is an averaged value of τ in the left and right parts of the GST layer. In

Figure 5, we normalize the order metrics with τc, which is the τ value of the ideal

crystal of 30 layers with a periodicity of 200 nm and N/Ns = 0.5.

B.9 Extended data for the optimization process

To extract the optimal c, we utilize the gradient ascent optimization that maximizes the

correlation

ρf,X(c) = (N − 1)−1
N−1∑
i=0

f̃(si; c)X̃i (B.8)

between f(s) and X = Tavg or τ , where i is the index for N data points and the tilde

denotes the normalized quantity with zero mean and unit variance. While |ρf,X | = 1

allows complete engineering of active disorder for each quantity X , the optimization

process leads to

c
(X)
opt = argmaxc:||c||=1|ρf,X(c)|, (B.9)

which describes the contribution of each component in q(s) to wave (Tavg) or matter

(τ ) quantities.
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In detail, the optimization of the 9-dimensional coefficient vector c(X) = (c0, c1, · · · , c8)

enables engineering of active disorder, as shown in Fig. 4.4 in the main text. In detail,

we employ 9-dimensional spherical coordinates with a fixed radius,

c0 = cosϕ0,

c1 = sinϕ0 cosϕ1,

c2 = sinϕ0 sinϕ1 cosϕ2,

... (B.10)

c7 = sinϕ0 sinϕ1 sinϕ2 · · · cosϕ7

c8 = sinϕ0 sinϕ1 sinϕ2 · · · sinϕ7

to impose normalization and a periodic boundary for the parametersΦ = (ϕ0, ϕ1, · · · , ϕ7).

The gradient ascent iteration with respect to the spherical coordinates is then applied

as follows:

Φ
(X)
n+1 = Φ(X)

n + γ[∇Φ|ρf,X(c(Φ))|]
Φ=Φ

(X)
n

(B.11)

where γ is the step size and ρf,X is the correlation coefficient between the polynomial

expression f(s; c(Φ)) up to the second order and the target quantity X = Tavg or

τ as defined in the main text. With proper choices of the learning rate and total step

number, we observe that the parameter vector Φ and the following copt(X) = c(Φ
(X)
final)

converge to their optima, as shown in Fig. B.14.

In addition, the optimization results with a linear expression, q(s) = s, c(Φ) =

(c0, c1, c2) = (cosϕ0, sinϕ0 cosϕ1, sinϕ0 sinϕ1), are shown in Fig. B.15. This sim-

plified analysis also provides reasonable correlations (
∣∣ρ(T )

∣∣ = 0.8,
∣∣ρ(T )

∣∣ = 0.34),

again emphasizing the distinct role of s elements.
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Figure B.14: Optimization trajectories. Left, center, and right panels depict the
optimization trajectories of linear (c0, c1, c2 for s0, s1, s2), cross (c3, c4, c5 for
s0s1, s1s2, s2s0), and second-order (c6, c7, c8 for s20, s

2
1, s

2
2) coefficients, respec-

tively, for the evolving c(T )(Φn) and c(τ)(Φn). The optimization time step is
n = 0, 1, 2, · · · , 3000 with a step size γ = 0.1. The initial point (n = 0) is set to
cinit = [1, 0, 0, · · · ] for both cases. As n approaches 3000, the parameters converge to
the optimal points c(T )

opt = [0.27,−0.55,−0.13, 0.56, 0.20,−0.49,−0.09, 0.02,−0.00]

and c
(τ)
opt = [−0.13,−0.21,−0.28,−0.36,−0.08,−0.20, 0.53, 0.50, 0.38].

Figure B.15: Optimization for s0, s1, and s2. 2D (Tavg, τ) projections of the data points
for the target η = 0.3. Left and right panels are coloured for differently optimized
functions of random seeds: c(T )

opt · · ·q(s) and c
(τ)
opt · · ·q(s) with respect to Tavg and τ ,

respectively. q(s) = s, and c = [c0, c1, c2]. All other parameters are the same as those
in Fig. 4.3.
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Appendix C

Supplementary Information for Chapter 5

C.1 Scattering with Born approximation

With the perturbed potential α(t) ≡ ϵ−1(t) = αb[1 + ∆α(t)], Eq. (5.1) in the main

text is modified as follows:

(
d2

dt2
+ ω2

b

)
ψ(t) = −ω2

b∆α(t)ψ(t). (C.1)

Assuming that the impulse response of the above operator
(
d2
/
dt2 + ω2

b

)
is expressed

as: (
d2

dt2
+ ω2

b

)
G(t, t′) = δ(t− t′) (C.2)

with a Green’s function G(t, t′), the total field ψtot(t) as the solution of Eq. (C.1) is

given by the sum of the homogeneous solutionψinc(t) = exp (−iωbt) (i.e., the incident

wave) and the inhomogeneous solution ψsca(t) (i.e., the scattered wave), where:

(
d2

dt2
+ ω2

b

)
ψ(t) = −ω2

b∆(α)(t)ψ(t) = −ω2
b

∫ ∞

−∞
dt′∆α(t′)ψ(t′)δ(t− t′)

= −ω2
b

∫ ∞

−∞
dt′∆α(t′)

(
d2

dt2
+ ω2

b

)
G(t, t′), (C.3)
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which gives:

ψtot(t) = ψinc(t)− ω2
b

∫ ∞

−∞
dt′∆α(t′)ψtot(t

′)G(t, t′)

= ψinc(t)− ω2
b

∫ ∞

−∞
dt′∆α(t′)G(t, t′)

{
ψinc(t

′)− ω2
b

∫ ∞

−∞
dt′′∆α(t′′)G(t′, t′′)[· · · ]

}
.

(C.4)

Up to the first-order Born approximation, the scattered field is therefore expressed as:

ψsca(t) ≃ −ω2
b

∫ ∞

−∞
dt′∆α(t′)G(t, t′)ψinc(t

′). (C.5)

Combining Eqs. (5.2) and (5.3) in the main text with the incident wave ψinc(t) =

exp (−iωbt), the separated form of the scattering wave in Eq. (5.4) is derived as follows:

ψsca(t) = −ω2
b

∫ ∞

−∞
dt′∆α(t′)G(t, t′)ψinc(t

′)

= −ωb

∫ ∞

−∞
dt′∆α(t′) sin

[
ωb(t− t′)

]
e−iωbt

′

= −ωb

2i

∫ t

−∞
dt′∆α(t′)

[
eiωb(t−t′) − e−iωb(t−t′)

]
e−iωbt

′

=
ωb

2i

∫ t

−∞
dt′∆α(t′)

[
e−iωbt − eiωb(t−2t′)

]
=
ωb

2i

[
e−iωbt

∫ t

−∞
dt′∆α(t′)− e+iωbt

∫ t

−∞
dt′e−iωb2t

′
∆α(t′)

]
, (C.6)

where the resulting two terms in Eq. (C.6) are the forward and backward scattering

waves, respectively, as follows:

ψsca,FW(t) =
ωb

2i
e−iωbt

∫ t

−∞
dt′∆α(t′),

ψsca,BW(t) =
ωb

2i
e+iωbt

∫ t

−∞
dt′e−iωb2t

′
∆α(t′). (C.7)

The scattered power is obtained by the square of the scattering wave ψsca(t) =
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ψsca,FW(t) + ψsca,BW(t) in Eq. (C.7):

|ψsca(t)|2 = |ψsca,FW(t) + ψsca,BW(t)|2

= |ψsca,FW(t)|2 + |ψsca,BW(t)|2 + 2Re
[
ψ∗
sca,FW(t)ψsca,BW(t)

]
, (C.8)

where PFW = |ψsca,FW(t)|2 and PBW = |ψsca,BW(t)|2 are the scattering powers in

the forward and backward directions, respectively, and the last term

2Re
[
ψ∗
sca,FW(t)ψsca,BW(t)

]
(C.9)

corresponds to the interference between the two waves. The scattering power in the

forward direction is calculated from Eq. (C.7) as follows:

PFw(t) = |ψsca,FW|2 =
∣∣∣∣ωb

2i
e−iωbt

∫ t

−∞
dt′∆α(t′)

∣∣∣∣2
=
ω2
b

4

[∫ t

−∞
dt′∆α(t′)

]∗[∫ t

−∞
dt′∆α(t′)

]
=
ω2
b

4

∫ t

−∞
dt′1

∫ t

−∞
dt′2∆α

∗(t′1)∆α(t
′
2), (C.10)

where the primed variables t′1,2 denote the coordinates of two independent scatterers.

The ensemble-averaged forward scattering power is then expressed using the two-point

correlation function Ĉ(t′1, t′2) ≡ ⟨∆α∗(t′1)∆α(t
′
2)⟩:

⟨PFW(t)⟩ =
ω2
b

4

∫ t

−∞
dt′1

∫ t

−∞
dt′2 ⟨∆α∗(t′1)∆α(t

′
2)⟩ =

ω2
b

4

∫ t

−∞
dt′1

∫ t

−∞
dt′2Ĉ(t

′
1, t

′
2).

(C.11)

Setting the finite range of perturbation (i.e., Ĉ(t′1, t′2) = 0 for t′1,2 < 0 or t′1,2 > T ),

the forward scattering power after the perturbation (t > T ) becomes:

⟨PFW(t)⟩ =
ω2
b

4

∫ T

−∞
dt′1

∫ T

−∞
dt′2Ĉ(t

′
1, t

′
2) =

ω2
b

4

∫ T

−∞
dt′1

∫ T

−∞
dt′2C(t

′
1 − t′2)

(C.12)
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with statistical homogeneity along the temporal axis: Ĉ(t′1, t′2) = C(t′1−t′2). Similarly,

the backward scattering power is expressed as

⟨PBW(t)⟩ =
ω2
b

4

∫ T

−∞
dt′1

∫ T

−∞
dt′2C(t

′
1 − t′2)e

2iωb(t
′
1−t′2). (C.13)

When the typical correlation time is much less than the finite duration T , the two-

point correlation function Ĉ(t′1, t′2) can be expressed as a sparse matrix with vanishing

off-diagonal components. In this sufficiently long perturbation (large T ), the exact

results from the double integral in Eqs. (C.12) and (C.13) can be approximated as

follows (Fig. C.1):

⟨PFW(T )⟩ =
ω2
b

4

∫ T

0
dt′1

∫ T

0
dt′2C(t

′
1 − t′2)

≃
ω2
b

4

∫ T

0
dt′1

∫ ∞

−∞
dt′2C(t

′
1 − t′2) =

ω2
b

4

∫ T

0
dt′1

∫ ∞

−∞
d∆tC(∆t)

=
ω2
bT

4

∫ ∞

−∞
d∆tC(∆t) =

ω2
bT

4
S(ω = 0),

⟨PBW(T )⟩ =
ω2
b

4

∫ T

0
dt′1

∫ T

0
dt′2C(t

′
1 − t′2)e

2iωb(t
′
1−t′2)

≃
ω2
b

4

∫ T

0
dt′1

∫ ∞

−∞
dt′2C(t

′
1 − t′2)e

2iωb(t
′
1−t′2)

=
ω2
b

4

∫ T

0
dt′1

∫ ∞

−∞
d∆tC(∆t)e2iωb∆t

=
ω2
bT

4

∫ ∞

−∞
d∆tC(∆t)e2iωb∆t =

ω2
bT

4
S(ω = 2ωb). (C.14)
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Figure C.1: Condition of long-range approximation. (a) Illustration of the exact 2D
integration [Eq. (C.12)] in the finite domain of a square shape with red dashed lines. (b)
Illustration of the approximated integration [Eq. (C.14)] with the infinitely extended
domain between two red dashed lines for a sufficiently large T compared to the corre-
lation time scale σ.

C.2 Causal Green’s function

According to the causality of temporal systems, the analytic expression of Green’s

function can be derived from the following ansatz:

G(t, t′) =


0 (t < t′)

c1e
−iωb(t−t′) + c2e

+iωb(t−t′) (t ≥ t′)

. (C.15)

Incorporating the boundary conditions in Sec. 2.3.1: (1) the continuity of G(t, t′) (i.e.,

D field) and (2) the discontinuous jump of ∂tG(t, t′) (i.e., B field) with the amount of
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the area of the delta function at t = t′:

G(t, t′) = 0 = c1 + c2, (C.16)

∂G(t, t′)

∂t

∣∣∣∣
t=t′+0

− ∂G(t, t′)

∂t

∣∣∣∣
t=t′−0

= 1 = −iωb(c1 − c2)− 0. (C.17)

Therefore, c1 = −c2 = i/2ωb, and Eq. (5.3) in the main text is obtained.

On the other hand, Green’s function of the Helmholtz equation [Eq. (C.2)] can be

obtained alternatively using a Fourier transform by supposing that:

G(t, t′) =

∫ ∞

−∞

dω

2π
G̃(ω, t′)e−iωt and G̃(ω, t′) =

∫ ∞

−∞
dtG̃(t, t′)eiωt, (C.18)

Eq. (C.2) is expressed in the frequency domain as:

(
ω2
b − ω2

)
G̃(ω, t′) = eiωt

′
, ∴ G̃(ω, t′) = − eiωt

′

ω2 − ω2
b

. (C.19)

The Green’s function in the time domain is then obtained again by applying the inverse

Fourier transformation to the above equation, while the result of the integration in the

inverse Fourier transformation can be different according to the physical systems of

interest, as shown in the retarded, advanced, or Feynman propagators for the Klein-

Gordon equation [158]. In this respect, among the possible approximations for locating

the poles (ω = ±ωb) in Eq. (C.19) in relation to Cauchy’s residue theorem (above or

below the real axis, Fig. C.2), we choose both poles below the real axis to guarantee

113



Figure C.2: Schematic of the contour integration in Eq. (C.20). clockwise half-infinite
contour for t > t′ (red dashed line) and selected poles (green dots) below the real axis,
compared to the other candidates (blue dots) above the real axis.

the causality condition, G(t < t′, t′) = 0:

G(t, t′) =−
∫ ∞

−∞

dω

2π

e−iω(t−t′)

ω2 − ω2
b

=− lim
ϵ→0+

∫ ∞

−∞

dω

2π

e−iω(t−t′)

(ω − ωb + iϵ)(ω + ωb + iϵ)

=Θ(t− t′) lim
ϵ→0+

2πi

2π

∑
ωpole=±ωb−iϵ

Res

[
e−iω(t−t′)

(ω − ωb + iϵ)(ω + ωb + iϵ)
, ωpole

]

=
1

ωb
Θ(t− t′)

[
−e

−iωb(t−t′)

2i
+
eiωb(t−t′)

2i

]
=

1

ωb
sin

[
ωb(t− t′)

]
Θ(t− t′).

(C.20)

C.3 Numerical validation of the Born approximation

The Born approximation is valid when the first-order amplitude of the scattering wave is

much smaller than the incident wave amplitude2, which also results in the convergence
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of the Born series. Therefore, it is necessary to obtain:

∣∣∣∣ω2
b

∫ ∞

−∞
dt′∆α(t′)G(t, t′)ψinc(t

′)

∣∣∣∣ = ∣∣∣∣ωb

∫ t

−∞
dt′∆α(t′) sin

[
ωb(t− t′)

]
e−iωbt

′
∣∣∣∣ ≪ 1.

(C.21)

We introduce two parameters regarding the perturbation ∆α(t): the fluctuation scale

δ and the correlation time σ, which determine the upper bound of the fluctuation

|∆α(t)| ≤ δ and the lower bound of a nonzero spectral component, as ∆α(ω >

σ−1) = 0, respectively. We also assume a finite-time modulation with time T , such

that ∆α(t) = 0 for t < 0 or t > T . Sufficient conditions for Eq. (C.21) are derived as

follows:

∣∣∣∣ωb

∫ t

−∞
dt′∆α(t′) sin

[
ωb(t− t′)

]
e−iωbt

′
∣∣∣∣ ≤ ωb

∫ t

−∞
dt′

∣∣∆α(t′)∣∣ ≤ ωbTδ ≪ 1,

(C.22)

and

σ−1 ≪ 2ωb, (C.23)

each describing the weak and slowly varying perturbation.

The above analysis can be verified using numerical assessments. Supposing T =

10t0 and the above δ and σ as the square root of amplitude and the standard deviation

of the Gaussian correlation function:C(∆t) = δ2 exp
[
−(∆t/σ)2/2

]
, we estimate the

error of the Born approximation compared to the numerically calculated ground-truth

results (transfer matrix method, TMM) for various combinations of (σ, δ). For this,

we quantify the error with the mean absolute percentage error (MAPE) over the time

period (0 < t < T ):

MAPE =
1

T

∫ T

0
dt

∣∣∣ψ(Born)
sca

∣∣∣2 − ∣∣∣ψ(TMM)
sca

∣∣∣2∣∣∣ψ(TMM)
sca

∣∣∣2 . (C.24)

Fig. C.3 shows the ensemble-averaged MAPE for 103 realizations per ensemble, demon-
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Figure C.3: Numerical validations of the Born approximation. (a,b) Two realizations
for (σ/t0, δT/t0) = (0.6, 0.01) (a) and (0.2, 0.4) (b) with T = 10t0. (c) Ensemble-
averaged MAPE for various combinations of (σ/t0, δT/t0). 103 realizations per en-
semble.

strating the acceptable regime of the two parameters, as marked by the red dashed line

in Fig. C.3c. For example, each of the two points (a, b) in Fig. C.3c exemplifies the

good and bad approximation results, respectively. While the approximated (blue dashed

line) and ground-truth (purple solid line) scattering intensities are well matched in Fig.

C.3a, there is a noticeable error between the two results in Fig. C.3b.

C.4 Gaussian random generation and the conditions for struc-

ture factors

Throughout our study, the random realization of the correlated disorder is obtained

by the multivariate Gaussian process. Among various methods for obtaining Gaus-

sian random fields [185], we employ the matrix decomposition method based on the

Cholesky factorization. Note that a correlated disorder x = Lz is expressed as a linear

transform of an uncorrelated standard normal disorder z with an operator L, where L,
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x, and z are defined in a finite-dimensional vector space based on the discretization of

the time domain. It is observed that L is the lower-triangular operator of the Cholesky

decomposition 3 of covariance matrix Γ:

Γ ≡ ⟨xx†⟩ = ⟨(Lz)(Lz)†⟩ = ⟨Lzz†L†⟩ = L ⟨zz†⟩L† = LL† (C.25)

where the component of Γ is expressed using the correlation function C(∆t):

Γi,j =
〈
xix

∗
j

〉
= ⟨∆α∗(tj)∆α(ti)⟩ = C(tj − ti) (C.26)

To generate a discretized random realization x = [∆α(t1),∆α(t2), · · · ]T with a given

correlation function C(∆t), it is necessary to decompose the covariance matrix Γ with

Cholesky factorization, which is derived from C(∆t). The lower triangular matrix L

can then be applied to an uncorrelated standard normal vector z.

There are a few conditions to be considered for this numerical generation of corre-

lated disorder. First, the Hermiticity of C(∆t) is trivial by definition:

C(−∆t) = ⟨∆α∗(t−∆t)∆α(t)⟩ = ⟨∆α∗(t)∆α(t+∆t)⟩

= ⟨∆α(t)∆α∗(t+∆t)⟩ = C∗(∆t) (C.27)

which leads to the real-valued structure factor from:

C∗(ω) =

[∫ ∞

−∞
d∆tC(∆t)eiω∆t

]∗
=

∫ ∞

−∞
d∆tC∗(∆t)e−iω∆t

=

∫ ∞

−∞
d∆tC(−∆t)e−iω∆t =

∫ −∞

∞
(−d∆t)C(∆t)eiω∆t

=

∫ ∞

−∞
d∆tC(∆t)eiω∆t = S(ω) (C.28)

The second condition regards the maximum value of the correlation function:
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−S(0) ≤ ReC(∆t) ≤ S(0), proven by

⟨|∆α(t+∆t)±∆α(t)|2⟩ = ⟨|∆α(t+∆t)|2 + |∆α(t)|2 ± 2Re∆α∗(t+∆t)∆α(t)⟩

= ⟨|∆α(t+∆t)|2⟩+ ⟨|∆α(t)|2⟩

± 2Re ⟨∆α∗(t+∆t)∆α(t)⟩

=2S(0)± 2ReC(∆t) ≥ 0 (C.29)

Finally, we note that semi-positive S(ω) is also required as a sufficient condition to

generate a covariance matrix. Suppose that 0 ≤ S(ω), the positive semi-definiteness

of the covariance matrix Γ is derived from the following relationship:

y†Γy =
∑
i,j

y∗i Γi,jyj =
∑
i,j

y∗i yjC(tj − ti) =
∑
i,j

y∗i yj

∫ ∞

−∞

dω

2π
S(ω)e−iω(tj−ti)

=

∫ ∞

−∞

dω

2π
S(ω)

∑
i,j

y∗i yje
−iω(tj−ti) =

∫ ∞

−∞

dω

2π
S(ω)

∣∣∣∣∣∣
∑
j

yje
iωtj

∣∣∣∣∣∣
2

≥ 0, ∀y,

(C.30)

where y = [y1, y2, · · · ]T is an arbitrary vector. Every Hermitian and positive-definite

matrix has a unique Cholesky decomposition3, which consequently leads to the suc-

cessful generation of a realization from a given positive structure factor. We note that

the above Gaussian random generation can also be achieved with more cost-efficient

methods such as the turning bands method or spectral method [185].

C.5 Design of structure factors for target forward and back-

ward scatterings

While the two values of a structure factor S(ω = 0) and S(ω = 2ω0) independently

determine the statistical scattering amplitudes in the forward and backward directions,

respectively, the overall shape of the structure factor beyond the two function values,
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including area, continuity, and smoothness, should be considered simultaneously for

the generation of realizations. For example, the area of structure factors:

2πC(∆t = 0) =

∫ ∞

−∞
dωS(ω) (C.31)

should be controlled for removing the scaling effect of disorder fluctuation in real-

izations. In addition, a target structure factor’s continuous and smooth shape is also

necessary for the stable numerical generation of realizations.

Considering the above points, for example, the structure factor for forward control

SFW(ω) can be designed with the following considerations. First, the structure factor is

factorized with
[
1− (ω/2ω0)

2
]

to satisfySFW(±2ω0) = 0, resulting in the expression:

SFW(ω) =

[
1−

(
ω

2ω0

)]2
[S0 +X(ω)], (C.32)

whereX(ω) is an auxiliary function such thatX(ω = 0) = 0 to satisfySFW(ω = 0) =

S0. Note that the order n should not be less than 2, which is necessary for smoothening

the shape of the structure factor in the vicinity of ω = 2ω0, with S′
FW(±2ω0) = 0

(n = 2 in the main text). In addition, X(ω) should also be factorized by ωm, and for

smoothening, we choose m = 2. Finally, in the setting X(ω) = KFW(4ω/ω0)2 for a

dependent variable KFW(S0), we apply the integral condition:

∫ ∞

−∞

dω

2π
S(ω) = C(∆t = 0) = δ2, (C.33)

which results in:

SFW(ω;S0) =

[
1−

(
ω

2ω0

)]2[
S0 +KFW(S0)

(
4ω

ω0

)2
]
, (C.34)

KFW(S0) =
1

4

(
105πδ2

256ω0
− 7S0

16

)
. (C.35)
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Similarly, we design a structure factor SBW(ω) for the backward scattering as:

SFW(ω;S2ω) =

(
ω

2ω0

)2(
3− |ω|

ω0

)[
S2ω + 4KBW(S2ω)

(
|4ω|
ω0

)2
]
, (C.36)

where

KBW(S2ω) =
10πδ2

27ω0
− 5S2ω

8
. (C.37)

C.6 Estimation of S(ω) for generated realizations

To verify whether the generated realizations describe the target structure factor, we

calculate the estimation of the structure factor based on the ergodicity in the correlation

functions:

C(est)(0 ≤ ∆t ≤ T ;Nens) =
1

Nens

Nens∑
i=1

1

T −∆t

∫ T−∆t

0
dt′∆α∗

i (t
′ +∆t)∆αi(t

′),

S(est)(ω;Nens) =

∫ T

0
d(∆t)C(est)(t;Nens)

(
eiω∆t + e−iω∆t

)
(C.38)

where S(est)(∆t;Nens) is the estimation of the ensemble-averaged correlation function

for totalNens different realizations of ∆αi(t) (i = 1, 2, · · · , Nens), and S(est)(ω;Nens)

is the Fourier transform for the symmetric correlation function C(−∆t) = C(∆t). In

Fig. C.4, several examples of target structure factors in Eqs. (C.34) and (C.36) and their

statistical estimations are displayed. As Nens increases, the estimated structure factors

approach the corresponding target structure factors. Notably, the order of Nens = 104

leads to almost precise coincidence between the target and estimated structure factors.

Therefore, we chooseNens = 104 as the realization number per ensemble for statistical

analysis in our study.
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Figure C.4: Estimation of the structure factors. (left) S(est)
FW (ω) and (right) S(est)

BW (ω)

compared to the corresponding target structure factors SFW,BW(ω) for different values
of design parameters, S0,2ω = 0 (top), max/2 (middle), and max (bottom).

C.7 Details of SC(ω) and SP(ω)

We first introduce the function B(x):

B(x) =


(x2 − 1)2, |x| ≤ 1

0, otherwise
, (C.39)

which is continuous and of theC1 class, thereby continuously differentiable. We utilize

this function to describe both sharp Bragg peaks and near-Poisson broad bumps with

different bandwidths.

First, the structure factor SP(ω) for the near-Poisson structure factor is expressed

with a modified width,

SP(ω) ∼ B
( ω

∆ω

)
(C.40)
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where ∆ω = 2ω0 is the standard bandwidth of the broadband bump.

Next, the structure factor SC(ω) for the crystal is expressed as:

SC(ω) ∼ sech

(
ω

∆ω/4

)∑
ωc

B

(
ω − ωc

∆ω/40

)
, (C.41)

where ωc is the summation index over

[±0.5ω0,±ω0,±1.5ω0,±2.5ω0,±3ω0,±3.5ω0,±4ω0] (C.42)

for the centre frequencies of Bragg peaks with reduced bandwidth (∆ω/4) compared

to SP(ω), and the sech function represents the envelope function for different heights

of the Bragg peaks. We note that both SP(ω) and SC(ω) are numerically normalized

so that: ∫ 4ω0

−4ω0

dω

2π
SC,P(ω) = CC,P(∆t = 0) = δ2. (C.43)

In this setting, the structure factor of Eq. (5.7) in the main text can possess the same

onsite correlation equal to δ2 regardless of ξ.
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Appendix D

Numerical Methods

D.1 Plane-wave expansion method

Plane-wave expansion method (PWEM) is the most basic method for the calculation of

photonic band structures, based on the reciprocal-space representation of the eigenvalue

problem. Consider the two-dimensional Helmholtz equation:

[
∇2 + k20ϵ(r)

]
ψ(r) = 0, (D.1)

where r = (x, y), ϵ(r) is the relative permittivity function as an optical potential, ω =

ck0 is the harmonic frequency, and TE polarization is assumed: E(r; t) = ẑψ(r)e−iωt.

Then, Eq. (D.1) is modified to the eigen-equation

[
− 1

ϵ(r)
∇2

]
ψ =

ω2

c2
ψ. (D.2)

As described previously, a periodic potential ϵ(r) = ϵ(r+R) for lattice vectors R

leads to the Bloch wave function:

ψ(r) = uk(r)e
ik·r, (D.3)
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where u has the same periodicity with ϵ(r). Using the Fourier transforms of u(r) and

the reciprocal of ϵ(r):

ψ(r) =
∑
G

ũGe
i(G+k)·r, (D.4)

1

ϵ(r)
=

∑
G

α̃Ge
iG·r, (D.5)

where G is the reciprocal lattice vectors satisfying eiG·R = 1 for all R, Eq. (D.3) leads

to ∑
G,G′

α̃GũG′
∣∣G′ + k

∣∣2ei(G+G′+k)·r =
ω2

c2

∑
G

ũGe
i(G+k)·r, (D.6)

which is further simplified to

∑
G′,G′′

α̃G′′−G′ ũG′
∣∣G′ + k

∣∣2eiG′′·r =
ω2

c2

∑
G

ũGe
iG·r. (D.7)

From the fact that each Fourier component of the left and the right-hand side of Eq.

(D.7) should equal, it is reduced for all G that,

∑
G′

α̃G−G′ ũG′
∣∣G′ + k

∣∣2 = ω2

c2
ũG. (D.8)

For simplicity, let’s consider a one-dimensional crystal, with R = x̂na and G =

x̂2πm/a for n,m ∈ Z. Under this assumption, Eq. (D.8) is expressed in the following

matrix form:

P (Q+ kI)2ũ =
ω2

c2
ũ, (D.9)
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where

P =



. . .

α̃0 α̃−1 α̃−2

α̃1 α̃0 α̃−1

α̃2 α̃1 α̃0

. . .


, Q =



. . .

−2π
a

0

2π
a

. . .


, (D.10)

k = |k|, and ũ = [· · · , ũ−1, ũ0, ũ1, · · · ]T . Now, Eq. (D.9) can be easily solved through

a numerical eigenvalue problem, which enables obtaining the eigenfrequency as a

function of Bloch wavevector: ω(k).

D.2 Finite element method

In this section, I introduce the finite element method (FEM), a space-discretization-

based approximation technique, which is one of the most powerful solvers in various

wave and diffusion mechanics including photonics, acoustics, thermal, and structural

dynamics. In contrast to the finite difference method, another discretization-based

method of modeling physical systems, by which the values at sampling points are

solved, the significance of FEM is on analyzing the elements of the function to be

solved, defined on meshes.

First, a strong form means an original partial differential equation to be solved. For

example, consider the following n-dimensional heat diffusion equation:

∇ · (−k∇u) = f, r ∈ Ω (D.11)

where u, q = −k∇u, k, and f are the temperature, heat flux, thermal conductivity,
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and heat source, respectively. Boundary conditions at ∂Ω are given as

u = u0 Dirichlet (essential) BC, (D.12)

n̂ · k∇u = q0 Neumann (natural) BC. (D.13)

On the other hand, the weak form is the integral equation with a test function v(r).

For an arbitrary function v defined on Ω,

∫
Ω
[v∇ · (−k∇u)]dnr =

∫
Ω
fvdnr, (D.14)

which is modified to

∫
Ω
fvdnr =

∫
Ω
(k∇u ·∇v)dnr−

∮
∂Ω
kv∇u · n̂dS, (D.15)

using the chain rule: ∇· (−kv∇u) = v∇· (−k∇u)− k∇u ·∇v and the divergence

theorem. When incorporating the BCs, for example, isolation with zero heat flux:

−k∇u · n̂ = 0,

∴
∫
Ω
fvdnr =

∫
Ω
(k∇u ·∇v)dnr. (D.16)

Equations with a test function such as Eq. (D.16) is called the weak form.

For simplicity, suppose one-dimensional case, and Ω = (0, 1):

∫ 1

0
f(x)v(x)dx =

∫ 1

0
k(x)

du

dx

dv

dx
dx (D.17)

FEM with Galerkin’s approach demonstrates that a trial functionu(x), which is believed

to be ground truth, can be approximated using a "finite" number of basis functions on

each of meshes,

u(x) =
N∑
i=0

uiϕi(x), (D.18)

and under the same basis, it is noted that Eq.(D.17) should hold for any v(x). Therefore,
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0=x0 1=xNx1 x2 x3 …

utrue(x)

utrial(x)

u1φ1(x)
u2φ2(x)

u0φ0(x)

Figure D.1: Illustration of linear basis functions for FEM. The solution utrue(x) is
approximated by a trial function utrial(x) =

∑
i uiϕi(x), where ϕi(x) is triangular

function defined on a mesh component.

cases v(x) = ϕj(x), ∀j are tested, that is,

∫ 1

0
f(x)ϕj(x)dx =

∑
i

ui

∫ 1

0
k(x)

dϕi
dx

dϕj
dx

dx, ∀j. (D.19)

Finally the linear equation Au = b for u = [u0, u1, · · · ] is solved, where

Aj,i =

∫ 1

0
k(x)

dϕi
dx

dϕj
dx

dx, bj =

∫ 1

0
f(x)ϕj(x)dx. (D.20)

Now, let’s move on to our original target system: a photonic crystal [186]. Consid-

ering z-polarization in two-dimensional photonic crystal with ϵ(x, y), the governing

equation to be solved is expressed from Eqs. (D.1) and (D.3) as

∇2u+ 2ik ·∇u− k2u+
ω2ϵ

c2
u = 0. (D.21)

Applying the following chain-rule relations:

v∇2u = ∇ · (v∇u)−∇u ·∇v (D.22)

v∇ · (ku) = ∇ · (kuv)− ku ·∇v (D.23)
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for arbitrary test function v(r), Eq. (D.21) multiplied by v is modified to:

∇ · (v∇u)−∇u ·∇v + 2i[∇ · (kuv)− ku ·∇v]− k2uv +
ω2ϵ

c2
uv = 0. (D.24)

When the obtained weak form [Eq.(D.24)] is integrated over a unit cell Γ, the

following integral equation is obtained:

∫
Γ
d2r(∇u ·∇v)+2ik ·

∫
Γ
d2r(u∇v)+k2

∫
Γ
d2r(uv) =

ω2

c2

∫
Γ
d2r(ϵuv), (D.25)

since the line integral terms originating from the divergence theorem vanish in the

periodic structure. Finally, the second-order eigenvalue problem with parameter k can

be input to a commercial tool such as COMSOL Multiphysics [65], resulting in the

band structure ω(k) as an eigenvalue output.

D.3 Transfer matrix method

Suppose a multilayer system in x-direction composed of L layers, of which each layer

has thickness dl, relative permittivity ϵl, and permeability µl for l = 0, 1, · · · , L−1, as

shown in Fig. D.2. The ambient permittivity and permeability are given as ϵext and µext.

Then, the refractive indices and relative wave impedances for each layer are expressed

as nl =
√
ϵlµl and Zl =

√
µl/ϵl, as well as the ambient ones next =

√
ϵextµext and

Zext =
√
µext/ϵext.

Now, we assume that the TE-polarization (nonzero Ez field) wave is incident at

angle θ in the xy-plane. For this incident angle, the parallel wave vector is fixed as

k∥ = k0next sin θ due to the continuous translational symmetry in y-direction, where

k0 = 2π/λ0 is the wave number in vacuum. On the other hand, the normal wave vectors

in each layer are given as

k⊥l = k0

√
n2l − n2ext sin

2 θ, (D.26)
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which can be complex in general depending on the value of refractive index and the

incident angle. The wave vector in each layer is then expressed as a function of incident

angle: k(±)
l (θ) = ±x̂k⊥l (θ) + ŷk∥, where signs ± denote the forward and backward

propagation of wave, respectively.

The boundary condition that the waves at two adjacent l-th (E(z,±)
l , H(y,±)

l ) and

(l+1)-th layers (E(z,±)
l+1 ,H(y,±)

l+1 ), then becomes the continuity of electric and magnetic

fields, as expressed by

E
(z,+)
l + E

(z,−)
l = E

(z,+)
l+1 + E

(z,−)
l+1 , (D.27)

H
(y,+)
l +H

(y,−)
l = H

(y,+)
l+1 +H

(y,−)
l+1 , (D.28)

which are modified into

Al

E(z,+)
l

E
(z,−)
l

 = Al+1

E(z,+)
l+1

E
(z,−)
l+1

 (D.29)

where

Al ≡

 1 1

cos θl/Zl − cos θl/Zl

 and Aext ≡

 1 1

cos θ/Zext − cos θ/Zext

. (D.30)

Here, θl ≡ arccos
(
k⊥l /nlk0

)
is either the angle of propagation in each layer if given

as real-valued number or its complex extension, and the factor of 1/Zl is multiplied for

the continuity of magnetic field. On the other hand, the forward and backward waves

[E
(z,+)
l , E

(z,−)
l ]T acquire intra-layer propagation phase from left to right end of l-th

layer as

Bl =

exp(ik⊥l dl) 0

0 exp
(
−ik⊥l dl

)
. (D.31)

Using these two kinds of matrices, the transfer matrix from left (l = 0) to right
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Figure D.2: Schematics of the wave incidence on a multilayer structure.

(l = L− 1) side is obtained through the sequential matrix multiplications:

M ≡ A−1
ext ·

L∏
p=1

(AL−pBL−pA
−1
L−p) ·Aext, (D.32)

which relates the reflection (R = |r|2) and transmission (T = |t|2) coefficients as

M

1
r

 =

t
0

. (D.33)

It is noted that, for TM polarization, the electromagnetic duality leads to the change

of basis vector from [E(z,+), E(z,−)]T to [H(z,+), H(z,−)]T , which is equivalent to

the replacement of permittivity ϵ and permeability µ by each other. Resultingly, the

propagation matrix Bl stays unchanged, while the matrix for the boundary condition

Al is modified into

A(TM)
l =

 1 1

Zl cos θl −Zl cos θl

. (D.34)
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초록

광스위칭 (photonic switching)소자는일반전자소자기반컴퓨터내부트랜지스

터의동작원리와같이,외부의변조에따라광응답 (optical response)을조절할수

있는 소자로서 광 기억소자 및 광 신호처리 장치의 기본이 된다. 이러한 스위칭 소

자를설계함에있어,소자의동작과관련된공간및시간적인복잡도는매우중요한

요인이다.예를들어,스핀및궤도각운동량,파수벡터등빛의공간적인특성과함께,

동작주파수및대역,에너지보존등빛의시간적인특성은관련된매질또는구조의

특성과연결하여고려되어야한다.이러한관점에서,스위칭소자를설계할때는그

기능적다양성및복잡성으로부터기인하는높은설계자유도가요구되지만,일반적

으로소자의구조가가지는물리적인대칭성으로부터그러한자유도에통합적으로

접근하는것은극히제한된다.따라서,대칭성이주는해석의용이성및간결함,적은

계산 비용에도 불구하고, 의도적인 대칭성 파괴를 통해 폭넓은 시공간적 자유도에

접근하는것은최근연구의트렌드가되고있다.

따라서,이논문에서는스위칭소자를설계함에있어시공간적복잡도를해결하

기위한수치적,이론적,및데이터기반의여러관련된방법론들을소개한다.특히,

광결정에서의 C4v-대칭성 및 거울 대칭성 붕괴에 기반한 기울어진 디락 (Dirac)

분산관계 및 갭 분리, 시공간적 무질서계에서의 병진 대칭성을 파괴에 의한 빛의

산란특성제어에대해이론적배경과함께심도있게다루도록한다.

주요어:광학,스위칭소자,무질서,대칭성,역설계,심층학습

학번: 2017-28066
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